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1 Background spacetime
Various different conventions and notations are being used in the theory of cosmological perturbations.
The aim of this section is to establish the conventions and notations we will use throughout this lecture,
which shall reflect the most common literature. We start with the unperturbed metric on the spacetime
manifold M , for which we assume a homogeneous and isotropic Friedmann-Lemaître-Robertson-Walker
metric given by

ḡµνdx
µ ⊗ dxν = −dt⊗ dt+ a2γijdx

i ⊗ dxj = a2(−dη ⊗ dη + γijdx
i ⊗ dxj) , (1.1)

where Greek indices are spacetime indices running from 0 to 3, while Latin indices are space indices
running from 1 to 3. The two different time coordinates introduced here are the cosmological time t,
which is the time measured by a co-moving observer (which is an observer at fixed spatial coordinates xi),
and the conformal time η. They are related by

dt = adη . (1.2)

Here a is the scale factor, which depends on time (one can express this dependence either using cosmological
or conformal time). Further, we have the spatial background metric, which is in spherical coordinates
r, ϑ, φ on a purely spatial manifold Σ written as

γijdx
j ⊗ dxj =

dr ⊗ dr

1−Kr2
+ r2(dϑ⊗ dϑ+ sin2 ϑdφ⊗ dφ) . (1.3)

Here K ∈ {−1, 0, 1} is the curvature parameter. Note that this spatial metric does not depend on time.
Finally, for the metric and its derived quantities (connection, curvature), we use the notation that a bar
denotes the background value.
Besides the split of the coordinates into time and space, it is also common to introduce a split of the
metric in the form

ḡµν = −n̄µn̄ν + h̄µν , (1.4)

where
n̄µdx

µ = −dt = −a dη , h̄µνdx
µ ⊗ dxν = a2γijdx

i ⊗ dxj (1.5)

are the unit normal covector field, ḡµν n̄µn̄ν = −1, and the spatial metric.
Further, one introduces a notation for time derivatives. It is most common to denote derivatives with
respect to cosmological time t by a dot, and with respect to conformal time with a prime. With these
conventions, one further defines

H =
ȧ

a
=

1

a

da

dt
, H =

a′

a
=

1

a

da

dη
= aH , (1.6)

which are the Hubble parameter and conformal Hubble parameter, respectively.
Finally, since there are now several metrics defined, it is useful to introduce conventions which metric
is to be used for raising and lowering indices. For spacetime indices, we will use the metric ḡµν , which
is valid since we are considering only perturbations to linear order here. For raising and lowering space
indices, however, we use the metric γij , whose inverse we write as γij . Hence, we will consider objects
carrying Greek indices as tensors on spacetime M , equipped with metric ḡµν , but objects with Latin
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indices as tensors on Σ (with an additional time dependence), equipped with metric γij . Also note that
the Christoffel symbols of these metrics are related, and we find in particular the spatial Christoffel symbols
of the spacetime metric to be given by

Γ̄i
jk =

1

2
ḡiµ(∂j ḡµk + ∂kḡjµ − ∂µḡjk)

=
1

2a2
γila2(∂jγlk + ∂kγjl − ∂lγjk)

=
1

2
γil(∂jγlk + ∂kγjl − ∂lγjk) ,

(1.7)

and are thus just the Christoffel symbols of the spatial metric γij , since the scale factor a, which depends
only on time, but not on spatial coordinates, cancels. In the following, we will write ∇̄µ for the covariant
derivative of ḡµν , and di for the covariant derivative of γij . Also it is convenient to write

△ = γijdidj (1.8)

for the spatial Laplace operator.

2 Metric perturbation
We now consider a metric which is a linear perturbation around the homogeneous and isotropic back-
ground, and so can be written as

gµν = ḡµν + δgµν . (2.1)

For the perturbation, it is then common to introduce a space-time split in the form

δgµνdx
µ ⊗ dxν = a2

[
−2ϕdη ⊗ dη + B̃i(dη ⊗ dxi + dxi ⊗ dη) + 2(Ẽij − ψγij)dx

i ⊗ dxj
]
, (2.2)

where Ẽij is trace-free,
γijẼij = 0 , (2.3)

so that the trace of the spatial part of the perturbation is described by ψ only. Note that while the back-
ground metric depends only on time, all metric perturbations depend on both space and time coordinates.
The objects B̃i and Ẽij are then further decomposed as

B̃i = diB +Bi , Ẽij = didjE + 2d(iEj) + Eij , (2.4)

which satisfy the relations

γijdiBj = γijdiEj = 0 , γijdiEjk = 0 , γijEij = 0 . (2.5)

The perturbation variables are now the scalars ϕ, ψ,B,E, divergence-free vectors Bi, Ei and trace-free,
divergence-free symmetric tensor Eij on the spatial manifold Σ. The reason for this decomposition is that
these three different types of perturbations turn out to decouple, i.e., they satisfy independent differential
equations, and can thus be described separately.

3 Example: Einstein equations for tensor perturbation
To see how the field equations indeed simplify, and as a glimpse towards their full decomposition, we
take a look at a pure tensor perturbation, which means that we assume that all perturbations except Eij

vanish. For reasons which will become apparent in another lecture, we start from the Einstein equations
in the mixed indices form

Gµ
ν = 8πGTµ

ν ⇒ Ḡµ
ν = 8πGT̄µ

ν , δ[Gµ
ν ] = 8πGδ[Tµ

ν ] . (3.1)

For simplicity, we also assume that the matter perturbation vanishes, δ[Tµ
ν ] = 0, so that we can restrict

ourselves to the equation
δ[Gµ

ν ] = 0 . (3.2)
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Note that we used square brackets here to indicate that the object whose perturbation we calculate is
the Einstein tensor with mixed indices. This distinction is important, since the Einstein tensor of the
background does not vanish (in contrast to a Minkowski background), so that the perturbations are
related by

δ[Gµ
ν ] = δ[gµρGρν ] = ḡµρδ[Gρν ] + δ[gµρ]Ḡρν = ḡµρδ[Gρν ]− δ[gωτ ]ḡ

µω ḡρτ Ḡρν . (3.3)

We start by evaluating the first term. Recall that we can calculate the perturbation of the Einstein tensor
with lower indices from the formula

δ[Gµν ] =
1

2

(
R̄ρσδgρσ + ∇̄ρ∇̄ρδg

σ
σ − ∇̄ρ∇̄σδgρσ

)
ḡµν

+
1

2

(
∇̄ρ∇̄µδgνρ + ∇̄ρ∇̄νδgµρ − ∇̄ρ∇̄ρδgµν − ∇̄µ∇̄νδg

ρ
ρ − R̄δgµν

)
. (3.4)

To derive this result, it is helpful to perform a number of steps. First, we write the inverse background
metric explicitly in all contractions, so that we can more easily calculate the space-time split:

δ[Gµν ] =
1

2
ḡρσ ḡωτ

(
R̄ρωδgτσ + ∇̄ρ∇̄σδgωτ − ∇̄ρ∇̄ωδgτσ

)
ḡµν

+
1

2
ḡρσ

(
∇̄ρ∇̄µδgνσ + ∇̄ρ∇̄νδgµσ − ∇̄ρ∇̄σδgµν − ∇̄µ∇̄νδgρσ

)
− 1

2
R̄δgµν . (3.5)

Next, we can simplify a few terms. Since we consider only the spatial tensor perturbation Eij , it follows
from

δgµνdx
µ ⊗ dxν = 2a2Eijdx

i ⊗ dxj (3.6)

that δgµν has only spatial components. With this knowledge, we can rewrite the last term in brackets in
the second line as

ḡρσ∇̄µ∇̄νδgρσ = ∇̄µ∇̄ν(ḡ
ρσδgρσ) = ∇̄µ∇̄ν(ḡ

ijδgij) = ∇̄µ∇̄ν(a
−2γij · 2a2Eij) = 0 , (3.7)

since the background metric is covariantly constant with respect to its Levi-Civita connection and the
trace of Eij vanishes. By the same argument, we can also eliminate the term

ḡρσ ḡωτ ∇̄ρ∇̄σδgωτ = 0 (3.8)

from the first line. Similarly, the first term yields

ḡρσ ḡωτ R̄ρωδgτσ = ḡij ḡklR̄ikδgjl = a−4γijγkl · (H′ + 2H2 + 2K)γik · 2a2Ejl = 0 , (3.9)

using the Ricci tensor components

R̄ij = (H′ + 2H2 + 2K)γij . (3.10)

The remaining terms are now given by

δ[Gµν ] = −1

2
ḡµν ḡ

ρσ ḡωτ ∇̄ρ∇̄ωδgτσ +
1

2
ḡρσ

(
∇̄ρ∇̄µδgνσ + ∇̄ρ∇̄νδgµσ − ∇̄ρ∇̄σδgµν

)
− 1

2
R̄δgµν . (3.11)

We can eliminate the first term by evaluating the expression

ḡωτ ∇̄ωδgτσdx
σ = ḡωτ

(
∂ωδgτσ − Γ̄ρ

τωδgρσ − Γ̄ρ
σωδgτρ

)
dxσ

= γjk
(
∂kEij − Γ̄l

jkEil − Γ̄l
ijEkl

)
dxi +HδljγjkEkldη

= djEijdx
i +HEi

idη

= 0 ,

(3.12)

since the tensor perturbations are trace-free and divergence-free, so that we are left with

δ[Gµν ] =
1

2
ḡρσ

(
∇̄ρ∇̄µδgνσ + ∇̄ρ∇̄νδgµσ − ∇̄ρ∇̄σδgµν

)
− 1

2
R̄δgµν . (3.13)
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Before we can apply the same divergence rule to the first and second term, we must reorder the covariant
derivatives, which introduces the curvature of the background metric, since

∇̄ρ∇̄µδgνσ = ∇̄µ∇̄ρδgνσ − R̄ω
νρµδgωσ − R̄ω

σρµδgνω . (3.14)

Here the first term vanishes, since it is contracted to a divergence, while the remaining terms yield

−1

2
ḡρσR̄ω

νρµδgωσdx
µ ⊗ dxν = (H2 +K)Eijdx

i ⊗ dxj , (3.15a)

−1

2
ḡρσR̄ω

σρµδgνωdx
µ ⊗ dxν = (H′ + 2H2 + 2K)Eijdx

i ⊗ dxj . (3.15b)

Note that each of these terms appears twice, since it appears again with swapped indices µ↔ ν, in which
it is symmetric. We then use the Ricci scalar for the background metric, which is given by

R̄ = 6a−2(H′ +H2 +K) , (3.16)

so that the last term becomes

−1

2
R̄δgµνdx

µ ⊗ dxν = −6(H′ +H2 +K)Eijdx
i ⊗ dxj . (3.17)

Finally, a rather tedious calculation which involves expanding the Christoffel symbols, yields

−1

2
ḡρσ∇̄ρ∇̄σδgµνdx

µ ⊗ dxν =
(
E′′

ij + 2HE′
ij −△Eij − 2H2Eij

)
dxi ⊗ dxj (3.18)

We thus find that all components except the spatial ones vanish, and that the latter are given by

δ[Gij ] = E′′
ij + 2HE′

ij −△Eij − (4H′ + 2H2)Eij . (3.19)

Returning to the original problem, we still need the background value of the Einstein tensor. Also here
we need only the spatial components, since it will be contracted with the metric perturbation, for which
we likewise consider only spatial components. These are given by

Ḡij = −(2H′ +H2 +K)γij . (3.20)

From this we find the term
−δ[gik]ḡklḠlj = (4H′ + 2H2 + 2K)Eij . (3.21)

Combining all terms, we finally arrive at the result

0 = ḡikδ[G
k
j ] = δ[Gij ]− δ[gik]ḡ

klḠlj = E′′
ij + 2HE′

ij −△Eij + 2KEij . (3.22)

We now see that the only non-vanishing contribution to the field equations which arises from the spatial,
divergence-free, trace-free tensor perturbation is itself a spatial, divergence-free, trace-free tensor. This is
the characteristic property of the decomposition we introduced, that any of the three different types of
metric perturbations only leads to the same type of perturbation in the field equations. Hence, decompos-
ing the field equations in the same way as the metric, one finds that the different types of perturbations
decouple.
The equation we obtained describes the propagation of gravitational waves on a homogeneous and isotropic,
but not necessarily flat, Friedmann-Lemaître-Robertson-Walker background. Note that, properly taking
into account the scale factor a for measuring time and distance, gravitational waves still propagate at the
speed of light, as we also saw for the Minkowski background. However, there is an important difference:
while the frequency and wavelength of a gravitational wave governed by the wave equation are constant,
and this also holds here in the coordinates η and xi, the actual, physical frequency and wavelength are
related to these by the scale factor a, so that the frequency decreases and wavelength increases, as a
grows. Hence, gravitational waves undergo the same redshift as electromagnetic waves. Further, note the
appearance of a few additional terms. The term 2HE′

ij is a damping term. Its appearance indicates that
the amplitude of the gravitational wave decreases as H > 0. Finally, the last term 2KEij accounts for the
fact that on a curved spatial background, the eigenfunctions of the wave operator are not plane waves,
but harmonics.
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