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1. U(1) gauge theory
Let π : P → M be a principal G-bundle with G = U(1) the complex numbers with
modulus 1 and F = C with the canonical left action ρ(g, z) = gz.

(a) Show that given coordinates (xµ) on a trivializing neighborhood U ⊂ M and
the canonical coordinates on U(1) and F , a gauge field Ω : M → C can be
expressed by the coordinate expression Aµ(x)dxµ, while a matter field can be
expressed by a complex function φ(x).

(b) Show that in these coordinates the Koszul connection of the associated bundle
connection on P ×ρ F is given by ∇φ = (∂µφ− iAµφ)dxµ.

(c) Let g ∈ T 0
2M be a non-degenerate tensor field (a metric) and m > 0. Show that

L = gµν(∇µφ)∗(∇νφ)−mφ∗φ

is invariant under gauge transformations of the form

A′µ(x) = Aµ(x) + ∂µΛ(x) , φ′(x) = φ(x)eiΛ(x) .
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