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1. Commutator of Lie derivatives
Consider the commutator rule for Lie derivatives:

L[X,Y ]T = LXLY T − LY LXT .

(a) Prove this rule in the cases that T is a real function f ∈ C∞(M,R), a vector
field X ∈ Vect(M) and a one-form ω ∈ Ω1(M). Perform these proofs both in
coordinates (xa) on M and without coordinates, using only the expressions for
the Lie derivatives of functions, vector fields and differential forms given in the
lecture.

(b) Prove that if this rule holds for the Lie derivatives of tensor fields S and T , then
it holds also for S⊗T . Choose whether you use coordinates or not in this proof.

(c) What can you conclude from the result of both proofs together?

2. Cartan’s magic formula
Consider the Lie derivative of differential forms given by

LXω = ιX(dω) + d(ιXω) .

(a) Prove this formula for one-forms ω.

(b) Prove that if this formula holds for the Lie derivatives of differential forms ω
and σ, then it holds also for ω ∧ σ.

(c) What can you conclude from the result of both proofs together?
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