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1. Differential forms on a sphere
Consider a chart of the sphere S? corresponding to the usual latitude / longitude
coordinates 6 € (—n/2,7/2) and ¢ € (0,27). Within this chart, we define the
functions

f0,0) =sin@, ¢g(0,p)=cosbcosp, h(f,p)=cosbhsingp,

which can be uniquely smoothly extended to the complete sphere.

(a) Calculate the 1-forms df, dg and dh.
(b) Calculate the 2-forms df A dg, dg A dh and dh A df.
(c¢) Show that there exists a 2-form w such that df Adg = —hw, dg Adh = — fw and

dh N\ df = —gw, and write w using the coordinates defined above.

2. Exterior derivative, interior product, Lie bracket
Let (z) be coordinates on a manifold M. Consider a 1-form w = wedz® and vector
fields X = X%9, and Y = Y%9,. Write the formula

tytxdw = X(tyw) = Y (ixw) — ¢x,y)w

using these coordinates. What do you see from this result?



