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Motivation

• Open questions in cosmology and gravity:
◦ Accelerating phases in the history of the Universe?
◦ Relation between gravity and gauge theories?
◦ How to quantize gravity?

• Possible solutions from gravity theories based on modified geometry:
◦ Metric-affine geometry: metric and affine connection.
◦ Metric teleparallel geometry: affine connection is flat and metric-compatible.

• Standard approach to cosmology:
◦ Consider homogeneous and isotropic geometry.
◦ Homogeneous and isotropic metric-affine and teleparallel geometries are known.

 Strong coupling problem: linear perturbation theory fails for certain teleparallel theories.

• Idea: study geometries with less symmetry:
◦ Homogeneous 3-dimensional metric geometries fully classified by Bianchi.
◦ Bianchi classes II, III, IX admit four-dimensional symmetry groups.

⇝ Derive and study metric-affine and teleparallel Bianchi cosmologies.
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◦ Consider homogeneous and isotropic geometry.
◦ Homogeneous and isotropic metric-affine and teleparallel geometries are known.
 Strong coupling problem: linear perturbation theory fails for certain teleparallel theories.

• Idea: study geometries with less symmetry:
◦ Homogeneous 3-dimensional metric geometries fully classified by Bianchi in 18981.
◦ Bianchi classes II, III, IX admit four-dimensional symmetry groups.
⇝ Derive and study metric-affine and teleparallel Bianchi cosmologies.

1125. anniversary of Bianchi classification!
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Outline

1. Symmetry in metric-affine and teleparallel geometry

2. The Lorentz algebra

3. Bianchi spacetimes
3.1 General structure
3.2 Bianchi type II
3.3 Bianchi type III
3.4 Bianchi type IX

4. Conclusion
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Metric-affine and teleparallel geometry

• Fundamental fields in metric-affine geometry:
◦ Metric tensor gµν :

· Defines length of and angle between tangent vectors.
· Defines length of curves and proper time.
· Defines causality (spacelike and timelike directions).

◦ Connection with coefficients Γµ
νρ:

· Defines covariant derivative ∇µ of tensor fields.
· Defines parallel transport along arbitrary curves.
· Defines autoparallel curves via parallel transport of tangent vector.

• Metric teleparallelism conventionally formulated using:
◦ Tetrad / coframe: θa = θa

µdxµ with inverse ea = ea
µ∂µ.

◦ Spin connection: ωa
b = ωa

bµdxµ.
• Induced metric-affine geometry:

◦ Metric:
gµν = ηabθa

µθb
ν . (1)

◦ Affine connection:
Γµ

νρ = ea
µ
(
∂ρθa

ν + ωa
bρθb

ν

)
. (2)
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Symmetries of metric-affine geometries

• Consider action of Lie algebra g spanned by XA with structure constants CAB
C :

[XA, XB] = CAB
CXC . (3)

• Symmetry of metric-affine geometry under action of basis vector fields:
◦ Metric:

0 = (LXAg)µν = Xρ
A∂ρgµν + ∂µXρ

Agρν + ∂νXρ
Agµρ . (4)

◦ Connection coefficients:

0 = (LXAΓ)µ
νρ = Xσ

A ∂σΓµ
νρ − ∂σXµ

A Γσ
νρ + ∂νXσ

A Γµ
σρ + ∂ρXσ

A Γµ
νσ + ∂ν∂ρXµ

A
= ∇ρ∇νXµ

A − Xσ
A Rµ

νρσ − ∇ρ(Xσ
A T µ

νσ) .
(5)

• Recall Lie algebra property of vector fields:

(L[XA,XB ]g)µν = (LXALXB g)µν − (LXB LXAg)µν = 0 , (6a)
(L[XA,XB ]Γ)µ

νρ = (LXALXB Γ)µ
νρ − (LXB LXAΓ)µ

νρ = 0 . (6b)
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Metric teleparallel geometry and spacetime symmetries

• Express Lie derivative of tetrad in the tetrad basis:

(LXAθ)a
µ = −λa

Abθb
µ . (7)

• Recall Lie algebra structure and linearity of Lie derivative:

(L[XA,XB ]θ)a
µ = CAB

C (LXC θ)a
µ . (8)

⇒ λa
Ab satisfy:

λa
Acλc

Bb − λa
Bcλc

Ab + X ν
A∂νλa

Bb − X ν
B∂νλa

Ab = CAB
Cλa

C b . (9)

• Metric invariant under Xµ
A if and only if:

ηacλc
Ab + ηbcλc

Aa = 0 . (10)

• Affine connection is invariant under Xµ
A if and only if:

0 = (LXAω)a
bµ = ∂µλa

Ab + ωa
cµλc

Ab − ωc
bµλa

Ac . (11)

• Use Weitzenböck gauge ωa
bµ ≡ 0: Lie algebra homomorphism : g → so(1, 3).
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Global Lorentz transformations

• Geometry in Weitzenböck gauge unchanged under global Lorentz transformation Λa
b:

θ′a
µ = Λa

bθb
µ . (12)

• Lie derivative of new tetrad:

(LXAθ′)a
µ = −λ′a

A bθ′b
µ . (13)

⇒ Relation between Lorentz algebra homomorphisms given by adjoint representation:

λ′a
A b = Λa

cλc
Ad(Λ−1)d

b . (14)

⇒ Determine all Lie algebra homomorphisms : g → so(1, 3) up to conjugation:

λa
Acλc

Bb − λa
Bcλc

Ab = CAB
Cλa

C b . (15)

• Attempts at solving these equations for the most general λa
Ab on different hardware:

1. My office computer (64GB RAM): out of memory.
2. Colleague’s computer (256GB RAM, parallel computation): no result yet after 3 days.
3. My brain (no idea how much RAM): solved in less than 24 BPU hours.
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• Geometry in Weitzenböck gauge unchanged under global Lorentz transformation Λa
b:

θ′a
µ = Λa

bθb
µ . (12)

• Lie derivative of new tetrad:

(LXAθ′)a
µ = −λ′a

A bθ′b
µ . (13)

⇒ Relation between Lorentz algebra homomorphisms given by adjoint representation:

λ′a
A b = Λa

cλc
Ad(Λ−1)d

b . (14)

⇒ Determine all Lie algebra homomorphisms : g → so(1, 3) up to conjugation:

λa
Acλc

Bb − λa
Bcλc

Ab = CAB
Cλa

C b . (15)
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Vector product representation

• Commutation relations for basis elements:

[Ji , Jj ] = ϵijkJk , [Ki , Kj ] = −ϵijkJk , [Ji , Kj ] = ϵijkKk . (16)

• Introduce vector notation for λA with j⃗A, k⃗A ∈ R3:

λA = j⃗A · J⃗ + k⃗A · K⃗ , J⃗ = (J1, J2, J3) , K⃗ = (K1, K2, K3) , (17)

⇒ Commutation relations (16) equivalently written in terms of vector product:

[⃗j · J⃗ , j⃗ ′ · J⃗ ] = (⃗j × j⃗ ′) · J⃗ , [k⃗ · K⃗ , k⃗ ′ · K⃗ ] = −(k⃗ × k⃗ ′) · J⃗ , [⃗j · J⃗ , k⃗ · K⃗ ] = (⃗j × k⃗) · K⃗ , (18)

⇒ Commutator of two arbitrary algebra elements:

[⃗j · J⃗ + k⃗ · K⃗ , j⃗ ′ · J⃗ + k⃗ ′ · K⃗ ] = (⃗j × j⃗ ′ − k⃗ × k⃗ ′) · J⃗ + (⃗j × k⃗ ′ + k⃗ × j⃗ ′) · K⃗ , (19)

⇒ Homomorphism condition for λ:

j⃗A × j⃗B − k⃗A × k⃗B = CAB
C j⃗C , j⃗A × k⃗B + k⃗A × j⃗B = CAB

C k⃗C . (20)
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Adjoint representation of the Lorentz group
• Adjoint representation of one-parameter groups with unit vector n⃗:

etn⃗·⃗J (⃗j · J⃗)e−tn⃗·⃗J = [(⃗n · j⃗ )⃗n + n⃗ × j⃗ sin t − n⃗ × (⃗n × j⃗) cos t] · J⃗ , (21a)

etn⃗·⃗J(k⃗ · K⃗ )e−tn⃗·⃗J = [(⃗n · k⃗ )⃗n + n⃗ × k⃗ sin t − n⃗ × (⃗n × k⃗) cos t] · K⃗ , (21b)

etn⃗·K⃗ (⃗j · J⃗)e−tn⃗·K⃗ = [(⃗n · j⃗ )⃗n − n⃗ × (⃗n × j⃗) cosh t] · J⃗ + n⃗ × j⃗ · K⃗ sinh t , (21c)

etn⃗·K⃗ (k⃗ · K⃗ )e−tn⃗·K⃗ = [(⃗n · k⃗ )⃗n − n⃗ × (⃗n × k⃗) cosh t] · K⃗ − n⃗ × k⃗ · J⃗ sinh t . (21d)

• Adjoint representation of time and space reflections:
TJ⃗T −1 = PJ⃗P−1 = J⃗ , TK⃗T −1 = PK⃗P−1 = −K⃗ . (22)

⇒ Invariant bilinear forms:
κ(⃗j · J⃗ + k⃗ · K⃗ , j⃗ ′ · J⃗ + k⃗ ′ · K⃗ ) = k⃗ · k⃗ ′ − j⃗ · j⃗ ′ (23a)

ι(⃗j · J⃗ + k⃗ · K⃗ , j⃗ ′ · J⃗ + k⃗ ′ · K⃗ ) = j⃗ · k⃗ ′ + k⃗ · j⃗ ′ (23b)
⇒ Invariant scalar quantities:

S = j⃗ · k⃗ = ∥⃗j∥∥k⃗∥ cos∢(⃗j , k⃗) , D = ∥⃗j∥2 − ∥k⃗∥2 (24)
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Orbits of the adjoint representation

1. Zero orbit S = D = 0: contains only the element j⃗ = k⃗ = 0.

2. One orthogonal orbit S = 0 for each D ∈ R: contains j⃗ ⊥ k⃗ and ∥⃗j∥2 − ∥k⃗∥2 = D:
a. D = 0: parametrized by u ∈ R+ as ∥⃗j∥ = ∥k⃗∥ = u > 0.
b. D > 0: parametrized by u ∈ R+

0 as ∥⃗j∥ =
√

D cosh u, ∥k⃗∥ =
√

D sinh u.
c. D < 0: parametrized by u ∈ R+

0 as ∥⃗j∥ =
√

−D sinh u, ∥k⃗∥ =
√

−D cosh u.
3. One non-orthogonal orbit for each |S| > 0 and D ∈ R:

◦ Each orbit parametrized by u = cos∢(⃗j , k⃗) ∈ [−1, 1] \ {0}.
◦ Elements of the orbits satisfy

∥⃗j∥2 =
√

D2

4 + S2

u2 + D
2 , ∥k⃗∥2 =

√
D2

4 + S2

u2 − D
2 . (25)

◦ Two connected components sgn S = sgn u = ±1 related by reflections.
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b. D > 0: parametrized by u ∈ R+

0 as ∥⃗j∥ =
√

D cosh u, ∥k⃗∥ =
√

D sinh u.
c. D < 0: parametrized by u ∈ R+

0 as ∥⃗j∥ =
√

−D sinh u, ∥k⃗∥ =
√

−D cosh u.
3. One non-orthogonal orbit for each |S| > 0 and D ∈ R:

◦ Each orbit parametrized by u = cos∢(⃗j , k⃗) ∈ [−1, 1] \ {0}.
◦ Elements of the orbits satisfy

∥⃗j∥2 =
√

D2

4 + S2

u2 + D
2 , ∥k⃗∥2 =

√
D2

4 + S2

u2 − D
2 . (25)

◦ Two connected components sgn S = sgn u = ±1 related by reflections.
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Free functions in most general geometries

• Number of free functions in most general geometries:
no symmetry only homogeneous 1 isotropy 3 isotropies

Metric gµν G1···10(t) G1···4(t) G1···2(t)
Affine connection Γµ

νρ K1···64(t) K1···20(t) K1···5(t)
Torsion T µ

νρ T1···24(t) T1···8(t) T1···2(t)
Nonmetricity Qµνρ Q1···40(t) Q1···12(t) Q1···3(t)
Tetrad θa

µ C1···16(t) C1···6(t) C1···2(t)

• Number of free functions may further be reduced by diffeomorphisms.
• Homogeneous and isotropic cosmologies.
• Here: consider Bianchi types II, III, IX:

◦ General metric-affine geometry: too lengthy for this talk.
◦ Metric teleparallel geometry in Weitzenböck gauge: tetrad only.
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Symmetry generators
• Symmetry algebra:

[X1, X2] = [X1, X3] = [X1, X4] = 0 , [X2, X3] = X1 , [X2, X4] = −X3 , [X3, X4] = X2 .
(26)

• Algebra represented by vector fields:

X1 = ∂y , X2 = ∂z , X3 = z∂y − ∂x , X4 = z∂x + x2 − z2

2 ∂y − x∂z . (27)

⇒ Homomorphism conditions:

j⃗1 × j⃗2 − k⃗1 × k⃗2 = 0 , j⃗1 × k⃗2 + k⃗1 × j⃗2 = 0 , (28a)
j⃗1 × j⃗3 − k⃗1 × k⃗3 = 0 , j⃗1 × k⃗3 + k⃗1 × j⃗3 = 0 , (28b)
j⃗1 × j⃗4 − k⃗1 × k⃗4 = 0 , j⃗1 × k⃗4 + k⃗1 × j⃗4 = 0 , (28c)
j⃗2 × j⃗3 − k⃗2 × k⃗3 = j⃗1 , j⃗2 × k⃗3 + k⃗2 × j⃗3 = k⃗1 , (28d)
j⃗2 × j⃗4 − k⃗2 × k⃗4 = −⃗j3 , j⃗2 × k⃗4 + k⃗2 × j⃗4 = −k⃗3 , (28e)
j⃗3 × j⃗4 − k⃗3 × k⃗4 = j⃗2 , j⃗3 × k⃗4 + k⃗3 × j⃗4 = k⃗2 . (28f)
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Lie algebra homomorphisms

1. Trivial branch: j⃗4, k⃗4 arbitrary and

j⃗1 = j⃗2 = j⃗3 = k⃗1 = k⃗2 = k⃗3 = 0 . (29)

2. Non-trivial branch:
◦ Conditions to be satisfied:

j⃗3 ⊥ k⃗3 , ∥⃗j3∥ = ∥k⃗3∥ , j⃗4 ⊥ k⃗4 , ∥⃗j4∥2 − ∥k⃗4∥2 = 1 ,

j⃗3 · k⃗4 + j⃗4 · k⃗3 = j⃗3 · j⃗4 − k⃗3 · k⃗4 = 0 , j⃗1 = k⃗1 = 0 ,

j⃗3 × j⃗4 − k⃗3 × k⃗4 = j⃗2 , j⃗3 × k⃗4 + k⃗3 × j⃗4 = k⃗2 . (30)

⇒ Representative for unique orbit:

j⃗4 = e⃗3 , k⃗3 = j⃗2 = e⃗1 , j⃗3 = −k⃗2 = e⃗2 , j⃗1 = k⃗1 = k⃗4 = 0 . (31)
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Symmetric teleparallel geometry

1. Trivial homomorphism: no non-degenerate tetrad solutions.

2. Non-trivial homomorphism:
◦ Tetrad:

θ0 = [C2(1 + x2 + z2) + C1]dt + (C3x + C4z)dx + [C6(1 + x2 + z2) + C5]dy
+ {[C6(1 + x2 + z2) + C5 − C4]x + C3z}dz , (32a)

θ1 = 2C2xdt + C3dx + 2C6xdy + (2C6x2 − C4)dz , (32b)
θ2 = 2C2zdt + C4dx + 2C6zdy + (2C6xz + C3)dz , (32c)
θ3 = [C2(1 − x2 − z2) − C1]dt − (C3x + C4z)dx + [C6(1 − x2 − z2) − C5]dy

+ {[C6(1 − x2 − z2) − C5 + C4]x − C3z}dz , (32d)

◦ Determinant:
det θ = 2(C2C5 − C1C6)(C2

3 + C2
4) . (33)

◦ Metric:

gtt = −4C1C2 , gty = −2(C2C5 + C1C6) , gtz = xgty , gxx = C2
3 + C2

4 ,

gyy = −4C5C6 , gyz = xgyy , gzz = C2
3 + C2

4 − 4C5C6x2 . (34)
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Symmetry generators
• Symmetry algebra:

[X1, X2] = [X2, X3] = [X2, X4] = 0 , [X1, X3] = −X1 , [X1, X4] = X3 , [X3, X4] = −X4 .
(35)

• Algebra represented by vector fields (0 < n < 1):

X1 = ∂y , X2 = ∂z , X3 = ∂x − y∂y , X4 = y∂x + 1
2

(
e−2x

1 − n2 − y2
)

∂y − ne−x

1 − n2 ∂z ,

(36)
⇒ Homomorphism conditions:

j⃗1 × j⃗2 − k⃗1 × k⃗2 = 0 , j⃗1 × k⃗2 + k⃗1 × j⃗2 = 0 , (37a)
j⃗1 × j⃗3 − k⃗1 × k⃗3 = −⃗j1 , j⃗1 × k⃗3 + k⃗1 × j⃗3 = −k⃗1 , (37b)
j⃗1 × j⃗4 − k⃗1 × k⃗4 = j⃗3 , j⃗1 × k⃗4 + k⃗1 × j⃗4 = k⃗3 , (37c)
j⃗2 × j⃗3 − k⃗2 × k⃗3 = 0 , j⃗2 × k⃗3 + k⃗2 × j⃗3 = 0 , (37d)
j⃗2 × j⃗4 − k⃗2 × k⃗4 = 0 , j⃗2 × k⃗4 + k⃗2 × j⃗4 = 0 , (37e)
j⃗3 × j⃗4 − k⃗3 × k⃗4 = −⃗j4 , j⃗3 × k⃗4 + k⃗3 × j⃗4 = −k⃗4 . (37f)
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Lie algebra homomorphisms

1. Trivial branch: j⃗2, k⃗2 arbitrary and

j⃗1 = j⃗3 = j⃗4 = k⃗1 = k⃗3 = k⃗4 = 0 . (38)

2. Non-trivial branch:
◦ Conditions to be satisfied:

j⃗1 ⊥ k⃗1 , ∥⃗j1∥ = ∥k⃗1∥ , j⃗4 ⊥ k⃗4 , ∥⃗j4∥ = ∥k⃗4∥ ,

j⃗1 · k⃗4 + j⃗4 · k⃗1 = j⃗1 · j⃗4 − k⃗1 · k⃗4 + 1 = 0 , j⃗2 = k⃗2 = 0 ,

j⃗1 × j⃗4 − k⃗1 × k⃗4 = j⃗3 , j⃗1 × k⃗4 + k⃗1 × j⃗4 = k⃗3 . (39)

⇒ Representative for unique orbit:

k⃗3 = e⃗3 , j⃗1 = −⃗j4 = 1√
2

e⃗1 , k⃗1 = k⃗4 = 1√
2

e⃗2 , j⃗2 = j⃗3 = k⃗2 = 0 . (40)
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Symmetric teleparallel geometry
1. Trivial homomorphism: no non-degenerate tetrad solutions.

2. Non-trivial homomorphism (use abbreviation N =
√

1 − n2):
◦ Tetrad:

θ0,3 = C1
2
√

2

[
e−x

N + N(y2 ± 2)ex
]

dt + C4
2
√

2n

[ ex

N + N(y2 ± 2)ex] dz

+
{[

e−x

N − (y2 ± 2)ex
]

C2
2
√

2 − C3y√
2N

}
dx

+ 1
2
√

2

[
N(C3 + C4)(y2 ± 2)e2x − C3−C4

N − 2yex C2
]

dy , (41a)

θ1 = C5dt + C6ex dy + C6
n dz , (41b)

θ2 = −NC1yex dt +
(
C2yex + C3

N
)

dx +
[
C2ex − N(C3 + C4)ye2x] dy − N

n C4yex dz . (41c)
◦ Determinant:

det θ = (C2
2 + C2

3)(C4C5 − C1C6) ex

nN . (42)

◦ Metric:

gtt = C2
5 − C2

1 , gtz = C5C6 − C1C4
n , gty = ngtzex , gxx = C2

2 + C2
3

N2 ,

gzz = C2
6 − C2

4
n2 , gyz = ngzzex , gyy = (C2

2 + C2
3 − C2

4 + C2
6)e2x . (43)
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Symmetry generators
• Symmetry algebra:

[X1, X2] = X3 , [X2, X3] = X1 , [X3, X1] = X2 , [X1, X4] = [X2, X4] = [X3, X4] = 0 .
(44)

• Algebra represented by vector fields (n ̸= 0):

X1 = ∂y , X2 = n sin y
sin x ∂z + cos y∂x − sin y

tan x ∂y ,

X3 = ncos y
sin x ∂z − sin y∂x − cos y

tan x ∂y , X4 = ∂z , (45)

⇒ Homomorphism conditions:
j⃗2 × j⃗3 − k⃗2 × k⃗3 = j⃗1 , j⃗2 × k⃗3 + k⃗2 × j⃗3 = k⃗1 , (46a)
j⃗3 × j⃗1 − k⃗3 × k⃗1 = j⃗2 , j⃗3 × k⃗1 + k⃗3 × j⃗1 = k⃗2 , (46b)
j⃗1 × j⃗2 − k⃗1 × k⃗2 = j⃗3 , j⃗1 × k⃗2 + k⃗1 × j⃗2 = k⃗3 , (46c)
j⃗1 × j⃗4 − k⃗1 × k⃗4 = 0 , j⃗2 × k⃗4 + k⃗2 × j⃗4 = 0 , (46d)
j⃗2 × j⃗4 − k⃗2 × k⃗4 = 0 , j⃗1 × k⃗4 + k⃗1 × j⃗4 = 0 , (46e)
j⃗3 × j⃗4 − k⃗3 × k⃗4 = 0 , j⃗3 × k⃗4 + k⃗3 × j⃗4 = 0 . (46f)
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Lie algebra homomorphisms

1. Trivial branch: j⃗4, k⃗4 arbitrary and

j⃗1 = j⃗2 = j⃗3 = k⃗1 = k⃗2 = k⃗3 = 0 . (47)

2. Non-trivial branch:
◦ Conditions to be satisfied:

j⃗2 · k⃗3 + j⃗3 · k⃗2 = 0 , j⃗2 · j⃗3 − k⃗2 · k⃗3 = 0 , ∥⃗j2∥2 − ∥k⃗2∥2 = ∥⃗j3∥2 − ∥k⃗3∥2 = 1 ,

j⃗2 ⊥ k⃗2 , j⃗3 ⊥ k⃗3 , j⃗2 × j⃗3 − k⃗2 × k⃗3 = j⃗1 , j⃗2 × k⃗3 + k⃗2 × j⃗3 = k⃗1 . (48)

⇒ Representative for unique orbit:

j⃗1 = e⃗1 , j⃗2 = e⃗2 , j⃗3 = e⃗3 , j⃗4 = k⃗1 = k⃗2 = k⃗3 = k⃗4 = 0 . (49)
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Symmetric teleparallel geometry

1. Trivial homomorphism: no non-degenerate tetrad solutions.

2. Non-trivial homomorphism:
◦ Tetrad:

θ0 = C1dt + nC2 cos xdy + C2dz , (50a)
θ1 = C3 cos xdt − C4 sin xdx + (nC5 cos2 x − C6 sin2 x)dy + C5 cos xdz , (50b)
θ2 = C3 sin x sin ydt + (C4 cos x sin y − C6 cos y)dx + C5 sin x sin ydz

+ [(nC5 + C6) cos x sin y + C4 cos y ] sin xdy , (50c)
θ3 = C3 sin x cos ydt + (C4 cos x cos y + C6 sin y)dx + C5 sin x cos ydz

+ [(nC5 + C6) cos x cos y − C4 sin y ] sin xdy , (50d)

◦ Determinant:
det θ = (C2C3 − C1C5)(C2

4 + C2
6) sin x , (51)

◦ Metric:

gtt = C2
3 − C2

1 , gtz = C3C5 − C1C2 , gty = ngtz cos x , gxx = C2
4 + C2

6 ,

gzz = C2
5 − C2

2 , gyz = ngzz cos x , gyy = gxx sin2 x + n2gzz cos2 x . (52)
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Conclusion
• Idea:

◦ Study metric-affine and teleparallel geometries with spacetime symmetry algebra g.
◦ Most general geometry derived from Lie algebra homomorphism λ : g → so(1, 3).
◦ Equivalent geometries related by adjoint representation of Lorentz transformation.
◦ Simple vector product representation to determine most general homomorphisms.
◦ Application to Bianchi II, III, IX with four-dimensional symmetry algebras.

• Results:
◦ Each algebra allows for trivial and non-trivial homomorphisms.
◦ Trivial homomorphisms inevitably lead to degenerate tetrad ⇒ no solution.
◦ Unique equivalence class of non-trivial homomorphisms determines unique geometry.
◦ General teleparallel geometries parametrized by six functions of time.

• Outlook:
◦ Study coordinate transformations to maximally reduce number of free functions.
◦ Study background dynamics of Bianchi II, III, IX cosmology in teleparallel gravity.
◦ Study perturbations around cosmological solutions.
◦ Extend results to all Bianchi classes.

• Reference:
MH, Spatially homogeneous teleparallel spacetimes with four-dimensional groups of
motions, arXiv:2305.06997 [gr-qc].

Manuel Hohmann (University of Tartu) Teleparallel & metric-affine Bianchi cosmologies GeomGrav2023 - 21. June 2023 29 / 29



Conclusion
• Idea:

◦ Study metric-affine and teleparallel geometries with spacetime symmetry algebra g.
◦ Most general geometry derived from Lie algebra homomorphism λ : g → so(1, 3).
◦ Equivalent geometries related by adjoint representation of Lorentz transformation.
◦ Simple vector product representation to determine most general homomorphisms.
◦ Application to Bianchi II, III, IX with four-dimensional symmetry algebras.

• Results:
◦ Each algebra allows for trivial and non-trivial homomorphisms.
◦ Trivial homomorphisms inevitably lead to degenerate tetrad ⇒ no solution.
◦ Unique equivalence class of non-trivial homomorphisms determines unique geometry.
◦ General teleparallel geometries parametrized by six functions of time.

• Outlook:
◦ Study coordinate transformations to maximally reduce number of free functions.
◦ Study background dynamics of Bianchi II, III, IX cosmology in teleparallel gravity.
◦ Study perturbations around cosmological solutions.
◦ Extend results to all Bianchi classes.

• Reference:
MH, Spatially homogeneous teleparallel spacetimes with four-dimensional groups of
motions, arXiv:2305.06997 [gr-qc].

Manuel Hohmann (University of Tartu) Teleparallel & metric-affine Bianchi cosmologies GeomGrav2023 - 21. June 2023 29 / 29



Conclusion
• Idea:

◦ Study metric-affine and teleparallel geometries with spacetime symmetry algebra g.
◦ Most general geometry derived from Lie algebra homomorphism λ : g → so(1, 3).
◦ Equivalent geometries related by adjoint representation of Lorentz transformation.
◦ Simple vector product representation to determine most general homomorphisms.
◦ Application to Bianchi II, III, IX with four-dimensional symmetry algebras.

• Results:
◦ Each algebra allows for trivial and non-trivial homomorphisms.
◦ Trivial homomorphisms inevitably lead to degenerate tetrad ⇒ no solution.
◦ Unique equivalence class of non-trivial homomorphisms determines unique geometry.
◦ General teleparallel geometries parametrized by six functions of time.

• Outlook:
◦ Study coordinate transformations to maximally reduce number of free functions.
◦ Study background dynamics of Bianchi II, III, IX cosmology in teleparallel gravity.
◦ Study perturbations around cosmological solutions.
◦ Extend results to all Bianchi classes.

• Reference:
MH, Spatially homogeneous teleparallel spacetimes with four-dimensional groups of
motions, arXiv:2305.06997 [gr-qc].

Manuel Hohmann (University of Tartu) Teleparallel & metric-affine Bianchi cosmologies GeomGrav2023 - 21. June 2023 29 / 29



Conclusion
• Idea:

◦ Study metric-affine and teleparallel geometries with spacetime symmetry algebra g.
◦ Most general geometry derived from Lie algebra homomorphism λ : g → so(1, 3).
◦ Equivalent geometries related by adjoint representation of Lorentz transformation.
◦ Simple vector product representation to determine most general homomorphisms.
◦ Application to Bianchi II, III, IX with four-dimensional symmetry algebras.

• Results:
◦ Each algebra allows for trivial and non-trivial homomorphisms.
◦ Trivial homomorphisms inevitably lead to degenerate tetrad ⇒ no solution.
◦ Unique equivalence class of non-trivial homomorphisms determines unique geometry.
◦ General teleparallel geometries parametrized by six functions of time.

• Outlook:
◦ Study coordinate transformations to maximally reduce number of free functions.
◦ Study background dynamics of Bianchi II, III, IX cosmology in teleparallel gravity.
◦ Study perturbations around cosmological solutions.
◦ Extend results to all Bianchi classes.

• Reference:
MH, Spatially homogeneous teleparallel spacetimes with four-dimensional groups of
motions, arXiv:2305.06997 [gr-qc].

Manuel Hohmann (University of Tartu) Teleparallel & metric-affine Bianchi cosmologies GeomGrav2023 - 21. June 2023 29 / 29


	Outline
	Motivation
	Outline

	Symmetry in metric-affine and teleparallel geometry
	Outline
	Metric-affine and teleparallel geometry
	Symmetries of metric-affine geometries
	Metric teleparallel geometry and spacetime symmetries
	Global Lorentz transformations

	The Lorentz algebra
	Outline
	Vector product representation
	Adjoint representation of the Lorentz group
	Orbits of the adjoint representation

	Bianchi spacetimes
	Outline
	General structure
	Outline
	Free functions in most general geometries

	Bianchi type II
	Outline
	Symmetry generators
	Lie algebra homomorphisms
	Symmetric teleparallel geometry

	Bianchi type III
	Outline
	Symmetry generators
	Lie algebra homomorphisms
	Symmetric teleparallel geometry

	Bianchi type IX
	Outline
	Symmetry generators
	Lie algebra homomorphisms
	Symmetric teleparallel geometry


	Conclusion
	Outline
	Conclusion


