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Definition of metric-affine geometry

• Metric tensor gµν :
◦ Defines length of and angle between tangent vectors.
◦ Defines length of curves and proper time.
◦ Defines causality (spacelike and timelike directions).

• Connection with coefficients Γµνρ:
◦ Defines covariant derivative ∇µ of tensor fields.
◦ Defines parallel transport along arbitrary curves.
◦ Defines autoparallel curves via parallel transport of tangent vector.

! In general the connection is defined independently of the metric.
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Properties of metric-affine geometry

• Three characteristic quantities:
◦ Curvature:

Rµ
νρσ = ∂ρΓµνσ − ∂σΓµνρ + ΓµτρΓτ νσ − ΓµτσΓτ νρ . (1)

◦ Torsion:
Tµ

νρ = Γµρν − Γµνρ . (2)

◦ Nonmetricity:

Qµνρ = ∇µgνρ = ∂µgνρ − Γσνµgσρ − Γσρµgνσ . (3)

• Some special classes of connections used in gravity theory:
◦ Levi-Civita connection: T = Q = 0.
◦ Metric teleparallelism: R = Q = 0.
◦ Symmetric teleparallelism: R = T = 0.
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Decomposition of the connection

• Affine connection can be decomposed:

Γµνρ =
◦
Γµνρ + K µ

νρ + Lµνρ . (4)

• Parts of the decomposition:
◦ Levi-Civita connection of the metric:

◦
Γµνρ =

1
2

gµσ (∂νgσρ + ∂ρgνσ − ∂σgνρ) . (5)

◦ Contortion:
Kµ

νρ =
1
2

(Tνµρ + Tρµν − Tµ
νρ) . (6)

◦ Disformation:

Lµνρ =
1
2

(Qµ
νρ −Qν

µ
ρ −Qρ

µ
ν) . (7)

• All three components depend on the metric.
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Tetrad and spin connection formulation

• Metric teleparallelism conventionally formulated using:
◦ Tetrad / coframe: θa = θa

µdxµ with inverse ea = ea
µ∂µ.

◦ Spin connection: ωa
b = ωa

bµdxµ.

• Induced metric-affine geometry:
◦ Metric:

gµν = ηabθ
a
µθ

b
ν . (8)

◦ Affine connection:

Γµνρ = ea
µ
(
∂ρθ

a
ν + ωa

bρθ
b
ν

)
. (9)

• Conditions on the spin connection:
◦ Flatness R = 0:

∂µω
a

bν − ∂νωa
bµ + ωa

cµω
c

bν − ωa
cνω

c
bµ = 0 . (10)

◦ Metric compatibility Q = 0:

ηacω
c

bµ + ηbcω
c

aµ = 0 . (11)
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Local Lorentz invariance

• Local Lorentz transformation of the tetrad only:

θa
µ 7→ θ′aµ = Λa

bθ
b
µ . (12)

X Metric is invariant: g′µν = gµν .
 Connection is not invariant: Γ′µνρ 6= Γµνρ.

• Perform also transformation of the spin connection:

ωa
bµ 7→ ω′abµ = Λa

c(Λ−1)d
bω

c
dµ + Λa

c∂µ(Λ−1)c
b . (13)

X Metric is invariant: g′µν = gµν .
X Connection is invariant: Γ′µνρ = Γµνρ.

⇒ Metric-affine geometry equivalently described by:
◦ Metric gµν and affine connection Γµνρ.
◦ Equivalence class of tetrad θa

µ and spin connection ωa
bµ.

◦ Equivalence defined with respect to local Lorentz transformations.

• Teleparallel geometry admits Weitzenböck gauge: ωa
bµ ≡ 0.
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Symmetry transformations of metric-affine geometry

• Finite spacetime transformation:
◦ Action ϕ : G ×M → M of symmetry group G with x ′ = ϕu(x).
◦ Transformations of fundamental geometric objects:

? Metric:

(ϕ∗ug)µν(x) = gτω(x ′)
∂x ′τ

∂xµ
∂x ′ω

∂xν
. (14)

? Connection coefficients:

(ϕ∗u Γ)µνρ(x) = Γστω(x ′)
∂xµ

∂x ′σ
∂x ′τ

∂xν
∂x ′ω

∂xρ
+
∂xµ

∂x ′σ
∂2x ′σ

∂xν∂xρ
. (15)

• Infinitesimal spacetime transformation:
◦ Generating vector fields Xξ on M with ξ ∈ g.
◦ Lie derivatives of fundamental geometric objects are tensor fields:

? Metric:
(LXξ

g)µν = Xρ
ξ ∂ρgµν + ∂µXρ

ξ gρν + ∂νXρ
ξ gµρ . (16)

? Connection coefficients:

(LXξ
Γ)µνρ = Xσ

ξ ∂σΓµνρ − ∂σXµ
ξ Γσνρ + ∂νXσ

ξ Γµσρ + ∂ρXσ
ξ Γµνσ + ∂ν∂ρXµ

ξ

= ∇ρ∇νXµ
ξ − Xσ

ξ Rµ
νρσ −∇ρ(Xσ

ξ Tµνσ) .
(17)
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Symmetry of tetrad and spin connection
• Finite spacetime transformation:

◦ Action ϕ : G ×M → M of symmetry group G with x ′ = ϕu(x).
◦ Transformations of fundamental geometric objects:

? Tetrad:

(ϕ∗uθ)a
µ(x) = θa

ν(x ′)
∂x ′ν

∂xµ
. (18)

? Spin connection:

(ϕ∗uω)a
bµ(x) = ωc

dν(x ′)
∂x ′ν

∂xµ
. (19)

• Infinitesimal spacetime transformation:
◦ Generating vector fields Xξ on M with ξ ∈ g.
◦ Lie derivatives of fundamental geometric objects:

? Tetrad:
(LXξ

θ)a
µ = Xν

ξ ∂νθ
a
µ + ∂µXν

ξ θ
a
ν . (20)

? Spin connection:

(LXξ
ω)a

bµ = Xν
ξ ∂νω

a
bµ + ∂µXν

ξ ω
a

bν . (21)

• Symmetry requires Λu(x) ∈ SO(1,3) and λξ(x) ∈ so(1,3).
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From symmetry group to Lorentz transformations

• Consider two elements u, v ∈ G of the symmetry group.

• Group action property: ϕuv = ϕu ◦ ϕv .
⇒ Consistency condition if tetrad is symmetric w.r.t. u and v :

(Λ−1
uv )a

bθ
b
µ = (ϕ∗uvθ)a

µ = (ϕ∗vϕ
∗
uθ)a

µ = (Λ−1
v )a

b(Λ−1
u )b

cθ
c
µ (22)

⇒ Λ must be local group homomorphism:

Λuv = ΛuΛv . (23)

⇒ λ must be local Lie algebra homomorphism:

λ[ξ,ζ] = [λξ,λζ ] . (24)
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Lorentz transformations and Weitzenböck gauge

• Recall Weitzenböck gauge in metric teleparallelism: ωa
bµ ≡ 0.

⇒ Symmetry condition for finite transformations:

0 ≡ (ϕ∗uω)a
bµ(x) = ωc

dν(x ′)
∂x ′ν

∂xµ

= (Λ−1
u )a

c(x)
[
(Λu)d

b(x)ωc
dµ(x) + ∂µ(Λu)c

b(x)
]

≡ (Λ−1
u )a

c(x)∂µ(Λu)c
b(x) .

(25)

⇒ Symmetry condition for infinitesimal transformations:

0 ≡ (LXξω)a
bµ = X ν

ξ ∂νω
a

bµ + ∂µX ν
ξ ω

a
bν

= ∂µλ
a
ξb + ωa

cµλ
c
ξb − ωc

bµλ
a
ξ c

≡ ∂µλa
ξb .

(26)

⇒ Homomorphisms Λ and λ are constant in Weitzenböck gauge.
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Outline

1. Metric-affine and teleparallel geometry

2. Symmetries of metrics, tetrads and connections

3. Cosmological symmetry: state of the art

4. Three approaches to teleparallel cosmology
4.1 The tetrad & representation approach
4.2 The metric-affine approach
4.3 The torsion decomposition approach

5. Two branches of cosmological teleparallel geometries
5.1 The “vector” branch
5.2 The “axial” or “two-form” branch

6. Properties & applications

7. Conclusion
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Generators of cosmological symmetry

• Use spherical coordinates t , r , ϑ, ϕ.

• Generating vector fields:
◦ Rotations:

R1 = sinϕ∂ϑ +
cosϕ

tanϑ
∂ϕ , (27a)

R2 = − cosϕ∂ϑ +
sinϕ

tanϑ
∂ϕ , (27b)

R3 = −∂ϕ , (27c)

◦ Translations:

T1 = χ sinϑ cosϕ∂r +
χ

r
cosϑ cosϕ∂ϑ −

χ sinϕ

r sinϑ
∂ϕ , (28a)

T2 = χ sinϑ sinϕ∂r +
χ

r
cosϑ sinϕ∂ϑ +

χ cosϕ

r sinϑ
∂ϕ , (28b)

T3 = χ cosϑ∂r −
χ

r
sinϑ∂ϑ . (28c)

• Here χ =
√

1− (ur)2, and u can be real or imaginary.
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Symmetry group and algebra

• Commutation relations of symmetry generators:

[Ri ,Rj ] = εijkRk , (29a)

[Ti ,Tj ] = u2εijkRk , (29b)
[Ti ,Rj ] = εijkTk . (29c)

• Symmetry group depends on u:
◦ u2 > 0: positive spatial curvature, symmetry group SO(4).
◦ u2 < 0: negative spatial curvature, symmetry group SO0(3,1).
◦ u2 = 0: vanishing spatial curvature, symmetry group ISO(3).

• Helpful to compare with Lorentz algebra:

[Ji , Jj ] = εijkJk , (30a)
[Ki ,Kj ] = −εijkJk , (30b)
[Ki , Jj ] = εijkKk . (30c)
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Cosmologically symmetric Riemannian geometry

• Most general metric with cosmological symmetry:

gtt = −N 2 , grr =
A2

χ2 , gϑϑ = A2r2 , gϕϕ = A2r2 sin2 ϑ (31)

• Metric depends on two functions of time t :
◦ Lapse function N (t).
◦ Scale factor A(t).

• Totally antisymmetric tensor εµνρσ:

εtrϑϕ =
√
− det g =

NA3r2 sinϑ

χ
. (32)
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3 + 1 split of Riemannian geometry

• Canonical 3 + 1 split of the metric:
◦ Unit normal (co-)vector field:

N = n] =
1
N
∂t , n = N[ = −Ndt . (33)

◦ Spatial metric (gives projection onto spatial slices):

h = g +n⊗n = A2
[

dr ⊗ dr
χ2 + r2(dϑ⊗ dϑ+ sin2 ϑdϕ⊗ dϕ)

]
. (34)

• Induced spatial volume form via

εµνρ = nσεσµνρ , εµνρσ = 4ε[µνρnσ] . (35)

so that

εrϑϕ =
A3r2 sinϑ

χ
, εtij = 0 . (36)
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Curvature of Levi-Civita connection

• Riemann tensor:

◦
Rµνρσ = 2

Ȧ2 + u2N 2

A2N 2 hµ[ρhσ]ν + 4
ÄN − ȦṄ
AN 3 n[µhν][ρnσ] . (37)

• Ricci tensor:

◦
Rµν = 3

ȦṄ − ÄN
AN 3 nµnν +

2u2N 3 + 2Ȧ2N −AȦṄ +AÄN
A2N 3 hµν .

(38)
• Ricci scalar:

◦
R = 6

u2N 3 + Ȧ2N −AȦṄ +AÄN
A2N 3 . (39)

⇒ Simple equations for cosmological dynamics and perturbations.
• Similar expressions for relevant teleparallel quantities?
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Cosmologically symmetric teleparallel geometry

• What do we know so far?
◦ Most general cosmologically symmetric metric.
◦ Most general cosmologically symmetric, flat, metric connection.
◦ Examples of tetrads and spin connections for u2 ∈ {−1,0,1}.
◦ Friedmann equations for those tetrads and several theories.

• What is commonly used and why?
◦ Most often spatially flat (u = 0) tetrad in Weitzenböck gauge.
◦ Symmetric tetrad is diagonal in Cartesian coordinates.
◦ Easy to calculate, e.g., perturbations around this tetrad.
◦ Tetrads with u 6= 0 given by cumbersome component expressions.

• What are open questions?
◦ Are there more tetrads with cosmological symmetry?
◦ Can we characterize them as in Riemannian geometry?
◦ How can we effectively work with u 6= 0 tetrads?

• We will now answer these questions.
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General idea

• Work in Weitzenböck gauge: ωa
bµ ≡ 0.

⇒ Need to find global group homomorphism Λ : G→ SO(1,3).
⇒ Λ is four-dimensional linear representation of G.
 Determine all four-dimensional representations of G.
 Check which representations preserve the Minkowski metric.
• Solve symmetry condition for Weitzenböck tetrad.
• Perform Lorentz transformation to diagonal gauge.
• Read off spin connection in diagonal gauge.
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Step 1: irreducible reps. of the symmetry group

• u 6= 0: use “unitary trick” and complexification.
◦ Irreps labeled by (m,n) with {2m,2n,m + n} ⊂ N.
◦ Dimension given by (2m + 1)(2n + 1).
◦ Irreps with dimension at most 4:

(0,0) , (0,1) , (1,0) ,

(
1
2
,

1
2

)
. (40)

• u = 0: use induced representations of Euclidean group.
◦ Irreps induced by representations of SO(3).
◦ Irreps labeled by spin l ∈ N.
◦ Dimension given by 2l + 1.
◦ Irreps with dimension at most 4: l ∈ {0,1}.

Manuel Hohmann (University of Tartu) Teleparallel gravity & cosmological symmetry TeleGrav2020 Tartu 24 / 58



Step 1: irreducible reps. of the symmetry group

• u 6= 0: use “unitary trick” and complexification.
◦ Irreps labeled by (m,n) with {2m,2n,m + n} ⊂ N.
◦ Dimension given by (2m + 1)(2n + 1).
◦ Irreps with dimension at most 4:

(0,0) , (0,1) , (1,0) ,

(
1
2
,

1
2

)
. (40)

• u = 0: use induced representations of Euclidean group.
◦ Irreps induced by representations of SO(3).
◦ Irreps labeled by spin l ∈ N.
◦ Dimension given by 2l + 1.
◦ Irreps with dimension at most 4: l ∈ {0,1}.

Manuel Hohmann (University of Tartu) Teleparallel gravity & cosmological symmetry TeleGrav2020 Tartu 24 / 58



Step 2: four-dimensional reps. of the symmetry group

• u 6= 0: four inequivalent representations.
1. Trivial representation: (0,0)⊕ (0,0)⊕ (0,0)⊕ (0,0).
2. Anti-self-dual two-form: (0,0)⊕ (0,1).
3. Self-dual two-form: (0,0)⊕ (1,0).
4. Vector representation:

( 1
2 ,

1
2

)
.

• u = 0: two inequivalent representations.
1. Trivial representation: 0⊕ 0⊕ 0⊕ 0.
2. Vector representation: 0⊕ 1 .

⇒ Obtain explicit representation matrices:

Φ : G→ GL(4)
u 7→ Φu

. (41)

⇒ Easier to work with Lie algebra representation:

φ : g→ gl(4)
ξ 7→ φξ

. (42)
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Step 3: preservation of the Minkowski metric

• Need to find basis transformation P such that for all u ∈ G:

Λu = P−1ΦuP ∈ SO(1,3) . (43)

• Consider Minkowski metric η = diag(−1,1,1,1).
⇒ Transformed representation matrices must satisfy

η = Λt
uηΛu = P tΦt

uP−1 tηP−1ΦuP . (44)

⇒ Lie algebra representation matrices must satisfy

0 = λt
ξη + ηλξ = P tφt

ξP
−1 tη + ηP−1φξP . (45)

 Solve for transformations P satisfying

0 = PηP tφt
ξ + φξPηP t . (46)

X Transformations exist for all four-dimensional representations.
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Step 4: explicit form of (algebra) homomorphisms

• u 6= 0: four inequivalent homomorphisms.
1. Trivial representation: λ(Ri ) = λ(Ti ) = 0.
2. Anti-self-dual two-form: λ(Ri ) = Ji , λ(Ti ) = uJi .
3. Self-dual two-form: λ(Ri ) = Ji , λ(Ti ) = −uJi .
4. Vector representation: λ(Ri ) = Ji , λ(Ti ) = ±iuKi .

• u = 0: two inequivalent homomorphisms.
1. Trivial representation: λ(Ri ) = λ(Ti ) = 0.
2. Vector representation: λ(Ri ) = Ji , λ(Ti ) = 0.

• Observations:

◦ Homomorphisms determined only up to Lorentz transformation.
◦ Smooth limit u → 0 connects different homomorphisms.
◦ Two-form case: u 7→ −u not equivalent, since λ(Ti ) = ±uλ(Ri ).
◦ Vector case: u 7→ −u equivalent via time reflection Ki 7→ −Ki .
 Some homomorphisms become complex depending on sign of u2.
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Step 5: symmetric tetrads / spin connections

• Solve symmetry conditions in Weitzenböck gauge:
◦ Solve three conditions for Ri to get spherical symmetry:

 Trivial case λ(Ri ) = 0 has no solutions (topological obstruction).
X Non-trivial case λ(Ri ) = Ji gives six-parameter family of solutions.

◦ Solve remaining conditions for Ti to get cosmological symmetry:
X Two-parameter families of solutions for remaining homomorphisms.
? Parameter functions N (t),A(t) are lapse and scale factor.

• Transformation to diagonal gauge:

◦ Use diagonal tetrad

θ′0 = Ndt , θ′1 =
A
χ

dr , θ′2 = Ardϑ , θ′3 = Ar sinϑdϕ . (47)

◦ Calculate Lorentz transformation such that θ′aµ = Λa
bθ

b
µ.

◦ Calculate spin connection: ω′abµ = Λa
c∂µ(Λ−1)c

b.
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General idea

• Start from the most general metric and connection.

• Impose cosmological symmetry on metric and connection.
• Further restrict the connection:

◦ Impose compatibility with the cosmological (FLRW) metric.
◦ Impose flatness (vanishing curvature).

⇒ Most general cosmological teleparallel spacetime.
• Consider tetrad of the FLRW metric in diagonal gauge:

θ′0 = Ndt , θ′1 =
A
χ

dr , θ′2 = Ardϑ , θ′3 = Ar sinϑdϕ . (48)

• Read off spin connection in diagonal gauge.
• Find Lorentz transformation to Weitzenböck gauge.
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Step 1: most general connection

• Solve symmetry condition for cosmological generators:

0 = (LXξΓ)µνρ = ∇ρ∇νXµ
ξ − Xσ

ξ Rµ
νρσ −∇ρ(Xσ

ξ Tµ
νσ) . (49)

⇒ Most general connection:

Γt
tt = K1 , Γr

tr = Γϑtϑ = Γϕtϕ = K3 , Γr
rt = Γϑϑt = Γϕϕt = K4 ,

Γr
rr =

u2r
χ2 , Γt

rr =
K2

χ2 , Γt
ϑϑ = K2r2 , Γt

ϕϕ = K2r2 sin2 ϑ ,

Γr
ϕϑ = −Γr

ϑϕ = K5r2χ sinϑ , Γϑrϕ = −Γϑϕr =
K5 sinϑ

χ
,

Γϕrϑ = −Γϕϑr = − K5

χ sinϑ
, Γϑrϑ = Γϑϑr = Γϕrϕ = Γϕϕr =

1
r
,

Γϕϑϕ = Γϕϕϑ = cotϑ , Γϑϕϕ = − sinϑ cosϑ ,

Γr
ϑϑ = −rχ2 , Γr

ϕϕ = −rχ2 sin2 ϑ , (50)

⇒ Depends on five free functions K1(t), . . . ,K5(t) of time.
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Step 2: impose metric compatibility

• Calculate nonmetricity:

Qρµν = 2Q1nρnµnν + 2Q2nρhµν + 2Q3hρ(µnν) , (51)

where

Q1 =
Ṅ
N 2 −

K1

N
, Q2 =

1
N

(
K4 −

Ȧ
A

)
, Q3 =

K3

N
− K2N
A2 .

(52)

⇒ Metric-affine geometry satisfies Qρµν = 0 if and only if

K1N − Ṅ = K4A− Ȧ = K2N 2 −K3A2 = 0 . (53)

⇒ Metricity determines K1, K4 and ratio between K2 and K3.
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Step 3: impose flatness

• Calculate curvature of most general connection:

Rµνρσ = 2
K3(K4 −K1) + K̇3

N 2 nνn[ρhσ]µ − 2
K3K5

NA
nνεµρσ

+ 2
K2(K4 −K1)− K̇2

A2 nµn[ρhσ]ν − 2
K̇5

NA
εµν[ρnσ]

+ 2
K2K5N
A3 nµενρσ + 2

u2 +K2K3 −K2
5

A2 hµ[ρhσ]ν .

(54)

⇒ Connection is flat if and only if

0 = K̇5 = K2K5 = K3K5 = u2 +K2K3 −K2
5

= K3(K4 −K1) + K̇3 = K2(K4 −K1)− K̇2 .
(55)

⇒ Several coupled conditions, whose solution depends on u.
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Step 4: flat, metric, cosmological connection

• Two of three metricity conditions solved immediately:

K1 =
Ṅ
N
, K4 =

Ȧ
A
. (56)

• Distinguish two cases for flatness condition:

1. u = 0: only solution given by K2 = K3 = K5 = 0.
2. u 6= 0 admits two distinct solutions:

2.1 “Axial” solution: K2 = K3 = 0 and K5 = ±u.
2.2 “Vector” solution: K5 = 0 and K2N/A = K3A/N = ±iu.

⇒ Solutions become complex depending on sign of u2.
⇒ Smooth limit u → 0 of solutions.
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Ȧ
A
. (56)

• Distinguish two cases for flatness condition:

1. u = 0: only solution given by K2 = K3 = K5 = 0.
2. u 6= 0 admits two distinct solutions:

2.1 “Axial” solution: K2 = K3 = 0 and K5 = ±u.
2.2 “Vector” solution: K5 = 0 and K2N/A = K3A/N = ±iu.

⇒ Solutions become complex depending on sign of u2.
⇒ Smooth limit u → 0 of solutions.

Manuel Hohmann (University of Tartu) Teleparallel gravity & cosmological symmetry TeleGrav2020 Tartu 34 / 58



Step 4: flat, metric, cosmological connection

• Two of three metricity conditions solved immediately:

K1 =
Ṅ
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Ȧ
A
. (56)

• Distinguish two cases for flatness condition:
1. u = 0: only solution given by K2 = K3 = K5 = 0.

2. u 6= 0 admits two distinct solutions:
2.1 “Axial” solution: K2 = K3 = 0 and K5 = ±u.
2.2 “Vector” solution: K5 = 0 and K2N/A = K3A/N = ±iu.

⇒ Solutions become complex depending on sign of u2.
⇒ Smooth limit u → 0 of solutions.

Manuel Hohmann (University of Tartu) Teleparallel gravity & cosmological symmetry TeleGrav2020 Tartu 34 / 58



Step 4: flat, metric, cosmological connection

• Two of three metricity conditions solved immediately:

K1 =
Ṅ
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Ȧ
A
. (56)

• Distinguish two cases for flatness condition:
1. u = 0: only solution given by K2 = K3 = K5 = 0.
2. u 6= 0 admits two distinct solutions:

2.1 “Axial” solution: K2 = K3 = 0 and K5 = ±u.
2.2 “Vector” solution: K5 = 0 and K2N/A = K3A/N = ±iu.

⇒ Solutions become complex depending on sign of u2.
⇒ Smooth limit u → 0 of solutions.

Manuel Hohmann (University of Tartu) Teleparallel gravity & cosmological symmetry TeleGrav2020 Tartu 34 / 58



Step 4: flat, metric, cosmological connection

• Two of three metricity conditions solved immediately:

K1 =
Ṅ
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Step 5: diagonal tetrad and spin connection

• Start from diagonal tetrad:

θ′0 = Ndt , θ′1 =
A
χ

dr , θ′2 = Ardϑ , θ′3 = Ar sinϑdϕ . (57)

• Calculate spin connection ω′abµ from “tetrad postulate”:

0 = ∇µθ′aν = ∂µθ
′a
ν + ω′abµθ

′b
ν − Γρνµθ

′a
ρ . (58)

X Find same spin connections as using first approach.
 Perform Lorentz transformation to Weitzenböck gauge.
X Obtain same non-diagonal tetrads as using first approach.
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General idea

• Start from cosmological (FLRW) metric.

• General metric-compatible connection defined by its torsion.
• Irreducible decomposition of torsion w.r.t. Lorentz group:

◦ vector torsion (4 components),
◦ axial (pseudo-vector) torsion (4 components),
◦ pure tensor torsion (16 components).

• Impose cosmological symmetry on torsion components.
⇒ Most general cosmological Riemann-Cartan spacetime.
• Impose flatness (vanishing curvature).
⇒ Most general cosmological teleparallel spacetime.
• Proceed as before to determine cosmological tetrad.
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Step 1: decomposition of the connection

• Recall decomposition of the connection:

Γµνρ =
◦
Γµνρ + K µ

νρ + Lµνρ . (59)

◦ Levi-Civita connection
◦
Γµνρ of the metric.

◦ Contortion Kµ
νρ.

◦ Disformation Lµνρ.

• Metric compatibility imposes vanishing disformation: Lµνρ = 0.
• Contortion expressed in terms of torsion and metric:

K µ
νρ =

1
2

(Tνµρ + Tρµν − Tµ
νρ) . (60)
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• Contortion expressed in terms of torsion and metric:

K µ
νρ =

1
2

(Tνµρ + Tρµν − Tµ
νρ) . (60)
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Step 2: irreducible torsion decomposition

• Torsion decomposes into three irreducible parts:
◦ Vector torsion:

vµ = T ν
νµ ⇒ Vµ

νρ =
2
3
δµ[νvρ] . (61a)

◦ Axial torsion:

aµ =
1
6
εµνρσT νρσ ⇒ Aµνρ = εµνρσa

σ . (61b)

◦ Tensor torsion:

tµνρ = T(µν)ρ +
1
3
(
Tσ

σ(µgν)ρ − Tσ
σρgµν

)
⇒ Tµνρ =

4
3
tµ[νρ] . (61c)

• Unique decomposition Tµ
νρ = Vµ

νρ + Aµνρ + Tµνρ such that

Aννµ = Tννµ = 0 , V[µνρ] = T[µνρ] = 0 . (62)

Manuel Hohmann (University of Tartu) Teleparallel gravity & cosmological symmetry TeleGrav2020 Tartu 39 / 58



Step 2: irreducible torsion decomposition

• Torsion decomposes into three irreducible parts:
◦ Vector torsion:

vµ = T ν
νµ ⇒ Vµ

νρ =
2
3
δµ[νvρ] . (61a)

◦ Axial torsion:

aµ =
1
6
εµνρσT νρσ ⇒ Aµνρ = εµνρσa

σ . (61b)

◦ Tensor torsion:

tµνρ = T(µν)ρ +
1
3
(
Tσ

σ(µgν)ρ − Tσ
σρgµν

)
⇒ Tµνρ =

4
3
tµ[νρ] . (61c)

• Unique decomposition Tµ
νρ = Vµ

νρ + Aµνρ + Tµνρ such that

Aννµ = Tννµ = 0 , V[µνρ] = T[µνρ] = 0 . (62)

Manuel Hohmann (University of Tartu) Teleparallel gravity & cosmological symmetry TeleGrav2020 Tartu 39 / 58



Step 3: impose cosmological symmetry

• Most general torsion with cosmological symmetry:

Tµνρ = 2T1hµ[νnρ] + 2T2εµνρ . (63)

• Irreducible decomposition:

Vµνρ = 2T1hµ[νnρ] , vµ = 3T1nµ , (64a)

Aµνρ = 2T2εµνρ , aµ = −2T2nµ . (64b)

⇒ Tensor torsion always vanishes in cosmological symmetry.
⇒ Torsion fully determined by scalar T1(t) and pseudo-scalar T2(t).
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Step 4: impose flatness

• Calculate connection coefficients:

K1 =
Ṅ
N
, K2 =

AȦ
N 2 −

A2T1

N
, K3 =

Ȧ
A
−NT1 , K4 =

Ȧ
A
, K5 = AT2 .

(65)

• Flatness given by two solutions:
1. “Pure vector” solution:

T1 =
Ȧ
AN

± iu
A
, T2 = 0 . (66)

2. “Axial” solution:

T1 =
Ȧ
AN

, T2 = ± u
A
. (67)

X Obtain same solutions as if started from general connection.
 Apply same procedure as before to obtain symmetric tetrads.

Manuel Hohmann (University of Tartu) Teleparallel gravity & cosmological symmetry TeleGrav2020 Tartu 41 / 58



Step 4: impose flatness

• Calculate connection coefficients:

K1 =
Ṅ
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Outline

1. Metric-affine and teleparallel geometry

2. Symmetries of metrics, tetrads and connections

3. Cosmological symmetry: state of the art

4. Three approaches to teleparallel cosmology
4.1 The tetrad & representation approach
4.2 The metric-affine approach
4.3 The torsion decomposition approach

5. Two branches of cosmological teleparallel geometries
5.1 The “vector” branch
5.2 The “axial” or “two-form” branch

6. Properties & applications

7. Conclusion
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Solution in Weitzenböck gauge

• Homomorphism of the symmetry algebra:

Ri 7→ Ji , Ti 7→ iuKi . (68)

⇒ Symmetric tetrad in Weitzenböck gauge:

θ0 = Nχdt + iuA r
χ

dr , (69a)

θ1 = A
[

sinϑ cosϕ

(
dr + iu

N
A

rdt
)

+ r cosϑ cosϕdϑ− r sinϑ sinϕdϕ
]
,

(69b)

θ2 = A
[

sinϑ sinϕ

(
dr + iu

N
A

rdt
)

+ r cosϑ sinϕdϑ+ r sinϑ cosϕdϕ
]
,

(69c)

θ3 = A
[

cosϑ

(
dr + iu

N
A

rdt
)
− r sinϑdϑ

]
, (69d)

⇒ Real for u2 ≤ 0, complex for u2 > 0.
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Transformation to diagonal gauge

• Diagonalizing Lorentz transformation:

Λa
b =


χ −iur sinϑ cosϕ −iur sinϑ sinϕ −iur cosϑ
−iur χ sinϑ cosϕ χ sinϑ sinϕ χ cosϑ

0 cosϑ cosϕ cosϑ sinϕ − sinϑ
0 − sinϕ cosϕ 0

 . (70)

• Spin connection in diagonal gauge:

ω′01r = ω′10r = − iu
χ
, ω′02ϑ = ω′20ϑ = −iur ,

ω′03ϕ = ω′30ϕ = −iur sinϑ , ω′12ϑ = −ω′21ϑ = −χ ,
ω′13ϕ = −ω′31ϕ = −χ sinϑ , ω′23ϕ = −ω′32ϕ = − cosϑ . (71)
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Induced affine connection

• Parameter functions in the connection:

K1 =
Ṅ
N
, K2 = −iu

A
N
, K3 = −iu

N
A
, K4 =

Ȧ
A
, K5 = 0 . (72)

⇒ Torsion:

Tµνρ = 2
Ȧ+ iuN
AN

hµ[νnρ] . (73)

⇒ Contortion:

Kµνρ = 2
Ȧ+ iuN
AN

hρ[µnν] . (74)
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Solution in Weitzenböck gauge

• Homomorphism of the symmetry algebra:

Ri 7→ Ji , Ti 7→ uJi . (75)

⇒ Symmetric tetrad in Weitzenböck gauge:

θ0 = Ndt , (76a)

θ1 = A
[

sinϑ cosϕ

χ
dr + r(χ cosϑ cosϕ+ ur sinϕ)dϑ− r sinϑ(χ sinϕ− ur cosϑ cosϕ)dϕ

]
,

(76b)

θ2 = A
[

sinϑ sinϕ

χ
dr + r(χ cosϑ sinϕ− ur cosϕ)dϑ+ r sinϑ(χ cosϕ+ ur cosϑ sinϕ)dϕ

]
,

(76c)

θ3 = A
[

cosϑ

χ
dr − rχ sinϑdϑ− ur2 sin2 ϑdϕ

]
, (76d)

⇒ Real for u2 ≥ 0, complex for u2 < 0.
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Transformation to diagonal gauge

• Diagonalizing Lorentz transformation:

Λa
b =


1 0 0 0
0 sinϑ cosϕ sinϑ sinϕ cosϑ
0 χ cosϑ cosϕ+ ur sinϕ χ cosϑ sinϕ− ur cosϕ −χ sinϑ
0 ur cosϑ cosϕ− χ sinϕ χ cosϕ+ ur cosϑ sinϕ −ur sinϑ

 .

(77)

• Spin connection in diagonal gauge:

ω′12ϑ = −ω′21ϑ = −χ , ω′12ϕ = −ω′21ϕ = ur sinϑ ,

ω′13ϑ = −ω′31ϑ = −ur , ω′13ϕ = −ω′31ϕ = −χ sinϑ ,

ω′23r = −ω′32r =
u
χ
, ω′23ϕ = −ω′32ϕ = − cosϑ . (78)

Manuel Hohmann (University of Tartu) Teleparallel gravity & cosmological symmetry TeleGrav2020 Tartu 49 / 58



Transformation to diagonal gauge

• Diagonalizing Lorentz transformation:

Λa
b =


1 0 0 0
0 sinϑ cosϕ sinϑ sinϕ cosϑ
0 χ cosϑ cosϕ+ ur sinϕ χ cosϑ sinϕ− ur cosϕ −χ sinϑ
0 ur cosϑ cosϕ− χ sinϕ χ cosϕ+ ur cosϑ sinϕ −ur sinϑ

 .

(77)
• Spin connection in diagonal gauge:

ω′12ϑ = −ω′21ϑ = −χ , ω′12ϕ = −ω′21ϕ = ur sinϑ ,

ω′13ϑ = −ω′31ϑ = −ur , ω′13ϕ = −ω′31ϕ = −χ sinϑ ,

ω′23r = −ω′32r =
u
χ
, ω′23ϕ = −ω′32ϕ = − cosϑ . (78)

Manuel Hohmann (University of Tartu) Teleparallel gravity & cosmological symmetry TeleGrav2020 Tartu 49 / 58



Induced affine connection and torsion

• Parameter functions in the connection:

K1 =
Ṅ
N
, K2 = K3 = 0 , K4 =

Ȧ
A
, K5 = −u . (79)

⇒ Torsion:

Tµνρ = 2
Ȧ
AN

hµ[νnρ] − 2
u
A
εµνρ . (80)

⇒ Contortion:

Kµνρ = 2
Ȧ
AN

hρ[µnν] +
u
A
εµνρ . (81)
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Coordinate independent torsion properties

• Torsion of general cosmological connection:

vµ = 3
K4 −K3

N
nµ , aµ = −2

K5

A
nµ . (82)

⇒ Torsion of teleparallel cosmological connections:
“vector” “axial”

vµ 3 Ȧ+iuN
AN nµ 3 ȦAN nµ

aµ 0 2 u
Anµ

Vµνρ 2 Ȧ+iuN
AN hµ[νnρ] 2 ȦAN hµ[νnρ]

Aµνρ 0 −2 u
Aεµνρ

real? u2 ≤ 0 u2 ≥ 0
complex? u2 > 0 u2 < 0

X Full characterization of torsion (analogous to Riemann tensor).
X May now calculate cosmological dynamics, perturbations, . . .
X Not necessary to work with cumbersome coordinate expressions.
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vµ 3 Ȧ+iuN
AN nµ 3 ȦAN nµ
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X Not necessary to work with cumbersome coordinate expressions.
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Cosmological dynamics

• Consider tetrad field equations of some teleparallel theory:

Eµν = κ2Θµν . (83)

• Consequences of cosmological symmetry:
◦ Energy-momentum tensor takes perfect fluid form:

Θµν = (ρ+ p)nµnν + pgµν = ρnµnν + phµν . (84)

◦ Gravitational part of the field equations decomposes analogously:

Eµν = Nnµnν + Hhµν . (85)

⇒ Two scalar field equations in analogy to Friedmann equations:

N = κ2ρ , H = κ2p . (86)

⇒ Calculate N(t) and H(t) for any given teleparallel theory.
⇒ There exist only two branches of cosmological solutions.
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Parity transformation and violation

• Consider spatial reflection / parity transformation:

ϑ 7→ π − ϑ , ϕ 7→ π + ϕ . (87)

• Effect on geometric quantities in 3 + 1 spilt:

nµ 7→ nµ , hµν 7→ hµν , εµνρ 7→ −εµνρ . (88)

• Effect on torsion components:

vµ 7→ vµ , aµ 7→ −aµ . (89)

⇒ Axial torsion pseudo-vector reverses sign under reflection.
⇒ “Vector” branch of tetrads is parity-invariant, aµ = 0.
⇒ “Axial” branch of tetrads is not parity-invariant, aµ = 2 u

Anµ 6= 0.
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Summary

• Metric-affine and teleparallel geometry:
◦ Based on metric and independent connection.
◦ Connection may exhibit curvature, torsion, nonmetricity.
◦ Metric teleparallel geometry characterized by torsion only.
◦ More conventional to work with tetrad and spin connection.

• Spacetime symmetry of teleparallel geometry:
◦ Defined by symmetry group / algebra acting on spacetime.
◦ Tetrad and spin connection invariant up to Lorentz transformation.

• Teleparallel geometry with cosmological symmetry:
◦ May be derived in (at least) three different ways.
◦ Two branches of solutions depending on lapse and scale factor.
◦ Simple formulas for torsion in terms of defining functions.

• Answered a few questions:
X Determined most general cosmological teleparallel geometries.
X Torsion & field equations expressed like in Riemannian geometry.
X Effective way to work with perturbations in teleparallel cosmology.
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Outlook

• Cosmological (background) dynamics:
◦ Study theories which distinguish vector and axial torsion.
◦ Different dynamics for different branches when u 6= 0?
◦ Effects of parity violation? Involve pseudo-tensor fields?
◦ One branch is complex when the other is real - trouble or insight?

• New path towards teleparallel u 6= 0 cosmological perturbations:
◦ Perform gauge-invariant decomposition of tetrad perturbations.
◦ Use coordinate-independent formulas for background geometry.
◦ Calculate perturbed field equations.

• Extend to more general cosmological geometries:
◦ Study Riemann-Cartan geometry?
◦ Study symmetric teleparallel geometry?
◦ Similar approach to metric-affine gravity + perturbations?

• Apply method to more general symmetries:
◦ Spherical symmetry: black holes and quasinormal modes.
◦ Planar symmetry: gravitational wave propagation.
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