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Globally hyperbolic spacetime

Consider globally hyperbolic manifold M ≅ R × Σ.

Denote diffeomorphism i ∶ R × Σ→ M.
Introduce projection maps:

t = prR ◦i−1
∶ M → R , s = prΣ ◦i−1

∶ M → Σ .

Introduce time translation vector field:
Curve through every point x ∈ M:

γx ∶ R → M
t ↦ i (t(x) + t , s(x)) .

Vector field at x:
(∂t)x =

d
dt
γx(t)

»»»»»»»t=0
.

Note that ∂t ⨼ dt = ∂tt = 1.
NB! ∂t is not a unit normal vector field - no metric used!
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Split of vector fields and differential forms

Split of a vector field X ∈ Γ(TM):
Temporal part:

X̌ = X̂∂t = (X ⨼ dt)∂t .

Spatial part:
X⃗ = X − X̌ .

Split of a differential k -form τ :
Temporal part:

τ̌ = dt ∧ τ̂ = dt ∧ (∂t ⨼ τ ) .
Spatial part:

τ⃗ = τ − τ̌ = ∂t ⨼ (dt ∧ τ ) .
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Pullback to spatial geometry on Σ

Definition of time slice Σt for t ∈ R:

Σt = t
−1({t}) = {x ∈ M, t(x) = t} ⊂ M .

Diffeomorphism between Σ and time slice:

it ∶ Σ→ Σt ⊂ M
x ↦ i(t , x) .

Time dependent spatial geometry on Σ:
Pullback of (spatial) vector fields X ∈ Γ(T sM):

X(t) = s∗ ◦ X ◦ it ∈ Γ(T Σ) .

Pullback of (spatial) differential forms τ ∈ Ω
ks(M):

τ(t) = i∗t τ ∈ Ω
k(Σ) .
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Tetrads and teleparallel geometry

Define the tetrad (coframe) and its dual (frame):

θ
a
∈ Ω

1(M) , ea ∈ Γ(TM) , ea ⨼ θ
b
= δ

b
a .

Raise and lower a,b, . . . = 0, . . . ,3 with Minkowski metric

ηab = diag(−1,1,1,1) .

Define metric (and Hodge star ⋆ on M):

g = ηabθ
a
⊗ θ

b
, g−1

= η
abea ⊗ eb .

Flat spin connection:

ω
a

b ∈ Ω
1(M) , dωa

b + ω
a

c ∧ ω
c

b = 0 .

Torsion:
Ta

= Dθa
= dθa

+ ω
a

b ∧ θ
b
.

Here: use Weitzenböck gauge ωa
b ≡ 0.
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Space-time split of tetrad geometry

Decomposition and pullback of the tetrad:

θ
a
= θ̂

a
dt + θ⃗

a
, θ̂(t) = i∗t θ̂

a
, θ⃗(t) = i∗t θ⃗

a
.

Spatial metric defines hodge star ∗ on Σ:

q = ηabθ⃗
a
⊗ θ⃗

b
.

Define the basis complement:

ξ
a
= −

1
6
η

ae
εebcd ∗ (θ⃗b

∧ θ⃗
c
∧ θ⃗

d) .

Properties of the basis complement:
Orthonormality:

ηabξ
a
θ⃗

b
= 0 , ηabξ

a
ξ

b
= −1 .

Completeness:
η

ab
= −ξ

a
ξ

b
+ q−1(θ⃗a

, θ⃗
b) .
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Lapse, shift and unit normal vector field

Basis decomposition of the temporal tetrad part:

θ̂
a
= αξ

a
+ β ⨼ θ⃗

a
.

Lapse and shift:

α(t) = i∗t α ∈ C∞(Σ) , β(t) = i∗t β ∈ Γ(T Σ) .

Unit normal vector field N ∈ Γ(TM):

∂t = αN + β .

Relation between unit normal vector field and basis complement:

ξ
a(t) = i∗t (N ⨼ θa) .
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Irreducible decomposition

For a time-dependent one-form τ
a ∶ R→ Ω

1(Σ) define:
⊙
τ

a
= −ξ

a
ξbτ

b
,

⊖
τ

a
=

1
2
[q−1(θ⃗a

, θ⃗b)τb
− q−1(θ⃗a

, τ
b)θ⃗b] ,

⊕
τ

a
=

1
2
[q−1(θ⃗a

, θ⃗b)τb
+ q−1(θ⃗a

, τ
b)θ⃗b] −

1
3

q−1(θ⃗b, τ
b)θ⃗a

,

⊗
τ

a
=

1
3

q−1(θ⃗b, τ
b)θ⃗a

.

Consider scalar product

τ
a
∧ ∗σa = σa ∧ ∗τ

a
= q−1(τa

, σa) ∗ 1 .

Components are orthogonal and complete:

τ
a
∧ ∗σa =

⊙
τ

a
∧ ∗

⊙
σa +

⊖
τ

a
∧ ∗

⊖
σa +

⊕
τ

a
∧ ∗

⊕
σa +

⊗
τ

a
∧ ∗

⊗
σa .
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Teleparallel action

Irreducible decomposition of the torsion:

Va
=

1
3
θ

a
∧ (eb ⨼ Tb) ,

Aa
=

1
3

ea
⨼ (θb ∧ Tb) ,

T a
= Ta

− Va
−Aa

.

Action with three free constants CT ,CV ,CT :

S[θa] = ∫
M
L = ∫

M
(CTT

a
∧ ⋆T a + CVV

a
∧ ⋆Va + CAA

a
∧ ⋆Aa) .

Equivalent expression for the Lagrangian:

L =
2CT + CV

3
Ta
∧ ⋆Ta

+
CT − CV

3
(Ta

∧θb)∧⋆(Tb
∧θa)+

CA − CT

3
(Ta

∧θa)∧⋆(Tb
∧θb) .
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Space-time split of the Lagrangian

Decomposition of the Lagrangian:

L = Ľ = dt ∧ L̂ = dt ∧ (∂t ⨼L) .

Pullback to Σ:

L̂ =
2CT+CV

3 {− 1
α
[ ˙⃗
θ

a
− d(αξa) − £β θ⃗

a]∧∗[ ˙⃗
θa − d(αξa) − £β θ⃗a] + αdθ⃗a

∧∗dθ⃗a}

+ CT−CV
3 [− 1

α
( ˙⃗
θ

a
∧θ⃗b + Ea

b)∧∗( ˙⃗
θ

b
∧θ⃗a + Eb

a) + α(dθ⃗a
∧θ⃗b)∧∗(dθ⃗b

∧θ⃗a)]

+ CA−CT
3 [− 1

α
( ˙⃗
θ

a
∧θ⃗a + Ea

a)∧∗( ˙⃗
θ

b
∧θ⃗b + Eb

b) + α(dθ⃗a
∧θ⃗a)∧∗(dθ⃗b

∧θ⃗b)] ,

where
Eb

a = −d(αξb) ∧ θ⃗a + αξadθ⃗b
− (£β θ⃗

b) ∧ θ⃗a .
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Outline

1 3 + 1 decomposition of teleparallel geometry

2 New General Relativity action and Lagrangian

3 Calculating the New General Relativity Hamiltonian
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Canonical momenta

Write velocities as va
≡

˙⃗
θ.

Define momenta pa via δv L̂ = δva ∧ pa.
Write momenta as

pa =
1
α ∗ (πa + sa) ,

πa is linear in the velocities va;
sa does not depend on the velocities va.

Simple relation between velocities and momenta:
⊙
πa = −

2
3
(2CT + CV )⊙va ,

⊖
πa = −

2
3
(2CA + CT )

⊖
va ,

⊕
πa = −2CT

⊕
va ,

⊗
πa = −2CV

⊗
va .

Solve for velocities and use momenta instead.
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General structure of the Hamiltonian

Bare Hamiltonian Ĥ0 = va ∧ pa − L̂ takes the form

Ĥ0 = Ĥ0[
⊙
p] + Ĥ0[

⊖
p] + Ĥ0[

⊕
p] + Ĥ0[

⊗
p]

+
CA − CT

3
α [ξaξbdθ⃗a

∧ ∗dθ⃗b
− dθ⃗a

∧ θa ∧ ∗(dθ⃗b
∧ θb)]

+
CT − CV

3
α(θ⃗♯a ⨼ dθ⃗a) ∧ ∗(θ⃗♯b ⨼ dθ⃗b) − CTαdθ⃗a

∧ ∗dθ⃗a

− (αξa
+ β ⨼ θ⃗

a)dpa − dθ⃗a
∧ (β ⨼ pa) + d [(αξa

+ β ⨼ θ⃗
a)pa] .

Types of appearing terms:

Terms linear in lapse α.
Terms linear in shift β.
Total derivative (does not contribute).
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Terms quadratic in the momenta
Vector part:

Ĥ0[
⊙
p] =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

0 for 2CT + CV = 0 ,

− 3α
4(2CT+CV )

⊙
ca ∧ ∗

⊙
ca otherwise.

Antisymmetric part:

Ĥ0[
⊖
p] =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

0 for 2CA + CT = 0 ,

− 3α
4(2CA+CT )

⊖
ca ∧ ∗

⊖
ca otherwise.

Symmetric trace-free part:

Ĥ0[
⊕
p] =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

0 for CT = 0 ,

− α
4CT

⊕
ca ∧ ∗

⊕
ca otherwise.

Trace part:

Ĥ0[
⊗
p] =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

0 for CV = 0 ,

− α
4CV

⊗
ca ∧ ∗

⊗
ca otherwise.
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Ĥ0[
⊗
p] =

⎧⎪⎪⎪⎨⎪⎪⎪⎩

0 for CV = 0 ,

− α
4CV

⊗
ca ∧ ∗

⊗
ca otherwise.

Manuel Hohmann (University of Tartu) Hamiltonian formulation of TG Friedmann2019 - 24. 6. 2019 17 / 22



Terms quadratic in the momenta
Vector part:
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Possible additional primary constraints

Vector constraint: if 2CT + CV = 0, then

0 =
⊙
ca = ∗

⊙
pa −

2
3
(CT − CV )ξaθ⃗

♯
b ⨼ dθ⃗b

.

Antisymmetric constraint: if CT = 0, then

0 =
⊖
ca = ∗

⊖
pa −

2
3
(CA − CT )θ⃗

♯
a ⨼ (θ⃗b

∧ dξb) .

Symmetric trace-free constraint: if 2CT + CV = 0, then

0 =
⊕
ca = ∗

⊕
pa .

Trace constraint: if CV = 0, then

0 =
⊗
ca = ∗

⊗
pa .
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Visualization of constraints
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Outline

1 3 + 1 decomposition of teleparallel geometry

2 New General Relativity action and Lagrangian

3 Calculating the New General Relativity Hamiltonian
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Summary

Teleparallel geometry:
Based on a tetrad θa and flat spin connection ωa

b.
Possible to work in Weitzenböck gauge ωa

b ≡ 0.

3 + 1 split of the geometry:
Assume globally hyperbolic spacetime M ≅ R × Σ.
Obtain vector field ∂t and spatial-temporal decomposition.
Pullback to time-dependent geometry on Σ.
Tetrad yields ξa

⇒ lapse α and shift β.
Application to New General Relativity

Use eector-axial-tensor decomposition in the action.
Easy to derive, decompose and invert canonical momenta.
Kinematic Hamiltonian obtained from Similar decomposition.
Appearance of constraints depend on parameters.
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