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E(2) classes
Perturbation around flat metric:

gµν = ηµν + εhµν . (1)

Plane wave in z direction:

hµν = Hµνeiω(t−z) . (2)

Possible modes:

Ψ2 = −
1
6

Rnlnl , (3a)

Ψ3 = −
1
2

Rnlnm̄ = −
1
2

Rnlnm , (3b)

Ψ4 = −Rnm̄nm̄ = −Rnmnm , (3c)
Φ22 = −Rnmnm̄ . (3d)

E(2) classes are combinations:
II6: 6 polarizations, all
modes are allowed.

III5: 5 polarizations, Ψ2 = 0,
all other modes are allowed.

N3: 3 polarizations, Ψ2 =
Ψ3 = 0, tensor and breath-
ing modes are allowed.

N2: 2 polarizations, Ψ2 =
Ψ3 = Φ22 = 0, only tensor
modes are allowed.

O1: 1 polarization, Ψ2 =
Ψ3 = Ψ4 = 0, only breathing
mode is allowed.

O0: no gravitational waves.
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Polarizations in the Newman-Penrose formalism
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Torsion teleparallel gravity [1, 2]
The fundamental fields are a tetrad θa

µ and a flat Lorentz spin connection ωa
bµ. We denote by

ea
µ the inverse tetrad , which satisfies θa

µea
ν = δνµ and θa

µeb
µ = δa

b. We further use the metric
gµν = ηabθa

µθb
ν and the torsion Tρµν = 2ea

ρ
(
∂[µθa

ν] + ωa
b[µθb

ν]

)
. The action we consider is of the

form
S[θ,ω, χ] = Sg[θ,ω] + Sm[θ, χ] , (4)

where χ denotes matter fields. The gravitational part takes the form

Sg[θ,ω] =
1

2κ2

∫
M
F (TµνρTµνρ,TµνρTρνµ,TµµρTννρ) detθ d4x , (5)

with a free function F . The relevant field equations obtained from this action are

κ2Θµν =
1
2
F gµν + 2

◦

∇
ρ
(
F,1Tνµρ + F,2T[ρµ]ν + F,3Tσσ[ρgµ]ν

)
+ F,1Tρσµ

(
Tνρσ − 2T[ρσ]ν

)
+

1
2
F,2

[
Tµρσ

(
2Tρσν − Tνρσ

)
+ Tρσµ

(
2T[ρσ]ν − Tνρσ

)]
−

1
2
F,3Tσσρ

(
Tρµν + 2T(µν)

ρ
)
,

(6)

where Θµν is the energy-momentum tensor . Using the linear perturbation

θa
µ = ∆a

µ + ετa
µ , ea

µ = (∆−1)a
µ
− ετa

µ , ωa
bµ = ε∂µλ

a
b , (7)

around the diagonal tetrad ∆a
µ = diag(1, 1, 1, 1) and the Taylor expansion

F = F |Tρµν=0 + O(ε2) = F + O(ε2) , F,i = F,i|Tρµν=0 + O(ε2) = F,i + O(ε2) , (8)

as well as the symmetric-antisymmetric decomposition sµν = τ(µν) and aµν = τ[µν] − λµν, and
assuming F = 0, one finds the linearized vacuum equations

0 = Eµν = ∂ρ
[
2(2F,1 − F,2)∂[νaρ]µ + (2F,2 + F,3)∂µaρν

]
+ 2∂ρ

[
(2F,1 + F,2)∂[ρsν]µ + F,3

(
ηµ[ν∂ρ]sσσ − ∂σsσ[ρην]µ

)]
,

(9)

For the plane wave sµν = Sµνeiω(t−z) and aµν = Aµνeiω(t−z) one finds in the Newman-Penrose basis
the components

0 = Enn = (2F,1 + F,2 + F,3)s̈nl + 2F,3s̈mm̄ + (2F,1 + F,2 + F,3)änl , (10a)
0 = Emn = Em̄n = (2F,1 + F,2)s̈ml + (2F,1 − F,2)äml , (10b)
0 = Enm = Enm̄ = −F,3s̈ml + (2F,2 + F,3)äml , (10c)
0 = Emm̄ = Em̄m = −F,3s̈ll , (10d)
0 = Eln = (2F,1 + F,2)s̈ll . (10e)

This yields the following polarizations:

2F,1 + F,2 = F,3 = 0: None of the six possible modes is restricted by the linearized field
equations. Theories satisfying these conditions belong to the E(2) class II6, shown in blue
in the figure.

2F,1(F,2 +F,3)+F2
,2 = 0 and 2F,1 +F,2 +F,3 , 0: In this case the field equations enforce Ψ2 = 0,

so that there is no longitudinal mode. All other modes are unrestricted. Theories of this
type belong to the E(2) class III5. This case is represented by the green line in the figure.

2F,1(F,2 + F,3) + F2
,2 , 0 and 2F,1 + F,2 + F,3 , 0: From the field equations follows Ψ2 = Ψ3 = 0,

while the breathing mode Φ22 and tensor modes Ψ4 are unrestricted. This wave has the
E(2) class N3. Almost all points of the parameter space, shown in white in the figure,
belong to this class.

2F,1 + F,2 + F,3 = 0 and F,3 , 0: The only mode which is allowed to be nonzero is given by
the two tensor polarizations Ψ4. The E(2) class of this wave is N2. This case is shown as
a red line in the figure. Also TEGR, marked as a red point, belongs to this class.

Introducing polar coordinates

F,1 = C sinϑ cosϕ , F,2 = C sinϑ sinϕ , F,3 = C cosϑ , (11)

with C =
√

F2
,1 + F2

,2 + F2
,3 , 0, one can visualize the modes:
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Non-metricity teleparallel gravity [1, 3]
The fundamental fields are a metric gµν and a flat, symmetric affine connection Γρµν. They
define the non-metricity Qρµν = ∇ρgµν. The action we consider is of the form

S[g,Γ, χ] = Sg[g,Γ] + Sm[g, χ] , (12)

where χ denotes matter fields. The gravitational part takes the form

Sg[g,Γ] =
1

2κ2

∫
M
F (QµνρQµνρ,QµνρQρµν,Qρµ

µQρν
ν,Qµ

µρQν
νρ,Qµ

µρQρν
ν)

√
−det g d4x , (13)

with a free function F . The relevant field equations obtained from this action are

κ2Θµν = −2
◦

∇ρ

[
F,1Qρ

µν + F,2Q(µν)
ρ + F,3Qρσ

σgµν + F,4Qσ
σ(µδ

ρ
ν) +
F,5

2

(
Qσ

σρgµν + δ
ρ
(µQν)σ

σ
)]

+
1
2
F gµν − F,3Qµρ

ρQνσ
σ + F,1

(
2Qρσ

µQσρν −Qµ
ρσQνρσ − 2Qρσ

(µQν)ρσ

)
+ F,2

(
Qρσ

µQρσν −Qµ
ρσQνρσ −Qρσ

(µQν)ρσ

)
+

1
2
F,5

[
Qρσ

σ

(
Qρµν − 2Q(µν)ρ

)
−Qµρ

ρQνσ
σ
]

+ F,4
[
Qρ

ρσ
(
Qσµν − 2Q(µν)σ

)
+ Qρ

ρµQσ
σν −Qρ

ρ(µQν)σ
σ
]
, (14)

where Θµν is the energy-momentum tensor . Using the linear perturbation

gµν = ηµν + εhµν , Γρµν = ε∂µ∂νξ
ρ (15)

around the Minkowski metric ηµν = diag(−1, 1, 1, 1) and the Taylor expansion

F = F |Qρµν=0 + O(ε2) = F + O(ε2) , F,i = F,i|Qρµν=0 + O(ε2) = F,i + O(ε2) , (16)

as well as the gauge-invariant perturbation bµν = hµν − 2∂(µξν), and assuming F = 0, one finds
the linearized vacuum equations

0 = Eµν = 2F,1�bµν + (F,2 + F,4)ηασ
(
∂α∂µbσν + ∂α∂νbσµ

)
+ 2F,3ηµνητω�bτω + F,5ηµνηωγηασ∂α∂ωbσγ + F,5ηωσ∂µ∂νbωσ .

(17)

For the plane wave bµν = Bµνeiω(t−z) one finds in the Newman-Penrose basis the components

0 = Enn = 2F,5b̈mm̄ − 2(F,2 + F,4 + F,5)b̈ln , (18a)
0 = Enm = Enm̄ = −(F,2 + F,4)b̈lm , (18b)
0 = Emm̄ = F,5b̈ll , (18c)
0 = Eln = −(F,2 + F,4)b̈ll . (18d)

This yields the following polarizations:

F,2 + F,4 = F,5 = 0: In this case the linearized field equations are satisfied identically for
an arbitrary plane null wave and there are no restrictions on the allowed polarizations.
Theories of this type belong to the E(2) class II6, shown in blue in the figure.

F,2 + F,4 = 0 and F,5 , 0: The longitudinal mode Ψ2 is prohibited in this case, while the
remaining modes are unrestricted. This corresponds to the E(2) class III5, shown as a
green line in the figure.

F,2 + F,4 , 0 and F,2 + F,4 + F,5 , 0: The only allowed modes in this case are the breathing
mode Φ22 and the two tensor modes Ψ4, while the longitudinal mode Ψ2 and the two vector
modes Ψ3 are prohibited. These theories have the E(2) class N3, occupying most of the
parameter space shown in the figure in white.

F,2 + F,4 + F,5 = 0 and F,5 , 0: The only allowed polarizations are the two tensor modes Ψ2.
These theories belong to the E(2) class N2, shown as a red line in the figure. This includes
STEGR, marked as a red point.

Introducing polar coordinates

F,2 = C sinϑ cosϕ , F,4 = C sinϑ sinϕ , F,5 = C cosϑ , (19)

with C =
√

F2
,2 + F2

,4 + F2
,5 , 0, one can visualize the modes:
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