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Motivation

Open questions in cosmology and gravity:
Accelerating phases in the history of the Universe?
Relation between gravity and gauge theories?
How to quantize gravity?

Teleparallel gravity [Møller ’61]:
Based on tetrad and flat spin connection.
Describes gravity as gauge theory of the translation group.
First order action, second order field equations.
Spin connection as Lorentz gauge degree of freedom.

f (T ) gravity [Bengochea, Ferraro ’09]:
Simple class of teleparallel theories beyond general relativity.
Cosmology typically features de Sitter attractors [MH, Järv, Ualikhanova ’17].

↯ Cumbersome equation relating tetrad and spin connection.
Use notion of symmetry to find particular solutions?
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Teleparallel geometry

Fields required to define the geometry:
tetrad ea

= ea
µdxµ,

spin connection ωa
b = ω

a
bµdxµ.

Spin connection chosen to be flat:

Ra
b = dωa

b + ω
a

c ∧ ω
c

b = 0 .

Derived quantities:
Metric: gµν = ηabea

µeb
ν .

Spacetime connection: Γρµν = ea
ρ (∂νea

µ + ω
a

bνeb
µ).

Torsion: T ρ
µν = Γ

ρ
νµ − Γ

ρ
µν .

Gauge covariant derivative:
Dµea

ν = ∂µea
ν − Γ

ρ
νµea

ρ + ω
a

bµeb
ν = 0.

Local Lorentz (gauge) invariance with transformation Λ
a

b:

ea
µ ↦ Λ

a
beb

µ , ω
a

bµ ↦ Λ
a

cΛb
d
ω

c
dµ + Λ

a
c∂µΛb

c
.
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Symmetry of the geometry

Diffeomorphisms generated by vector field ξ.
Invariance of spacetime geometry:

Metric:
0 = (Lξg)µν = ξρ∂ρgµν + ∂µξ

ρgρν + ∂νξ
ρgµρ .

Connection:

0 = (LξΓ)µνρ = ξ
σ
∂σΓ

µ
νρ−∂σξ

µ
Γ
σ
νρ+∂νξ

σ
Γ
µ
σρ+∂ρξ

σ
Γ
µ
νσ+∂ν∂ρξ

µ
.

Satisfied if and only if ∃λ ∶ M → so(1,3) such that [MH ’15]

(Lξe)a
µ = −λ

a
beb

µ , (Lξω)a
bµ = Dµλ

a
b .

Several symmetry generators ξ form Lie algebra g ⊂ Vect(M).
Local Lie algebra homomorphism λ ∶ g ×M → so(1,3).
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Teleparallel f (T ) action and field equations

Action:
Sg[e, ω] = ∫

M
f (T ) det e d4x .

Torsion scalar:

T =
1
4

TµνρTµνρ +
1
2

TµνρTρνµ − Tµ
ρµT νρ

ν .

Field equations obtained from variations δe and δω = Dλ.
Antisymmetric part of δe equation ≡ δω equation:

fTT (T ρ
µν∂ρT + T ρ

ρµ∂νT − T ρ
ρν∂µT ) = 0 .

↯ Cumbersome 2-nd order differential equation unless fTT ≡ 0.
Find solutions through symmetry?
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Weitzenböck gauge and “good tetrads”

Use local Lorentz invariance to choose simple spin connection.
Weitzenböck gauge: ωa

bµ ≡ 0.

“Good tetrad” [Tamanini & Böhmer ’12]

A tetrad is called good tetrad if it satisfies the antisymmetric part

T ρ
µν∂ρT + T ρ

ρµ∂νT − T ρ
ρν∂µT = 0

of the f (T ) field equations in the Weitzenböck gauge.

Symmetry condition in Weitzenböck gauge:

(Lξe)a
µ = −λ

a
beb

µ , 0 = (Lξω)a
bµ = Dµλ

a
b = ∂µλ

a
b .

First order differential equation for ea
µ.

⇒ Lie algebra homomorphism λ ∶ g→ so(1,3) (independent of M).
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Example: spatially flat FLRW

3 generators of rotations, 3 generators of translations.
Symmetry algebra g ≅ iso(3).

Representation: translations↦ 0, rotations→ so(3) ⊂ so(1,3).
Symmetry condition fixes tetrad up to n(t),a(t).

ea
µ =

⎛
⎜⎜⎜⎜⎜⎜
⎝

n(t) 0 0 0
0 a(t) sin θ cosφ a(t)r cos θ cosφ −a(t)r sin θ sinφ
0 a(t) sin θ sinφ a(t)r cos θ sinφ a(t)r sin θ cosφ
0 a(t) cos θ −a(t)r sin θ 0

⎞
⎟⎟⎟⎟⎟⎟
⎠
.

Minkowski spacetime: n(t) = a(t) = 1.
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Example: closed FLRW

3 generators of rotations, 3 generators of quasi-translations.
Symmetry algebra g ≅ so(4) ≅ so(3)⊕ so(3).

Representation: left / right isoclinic rotations→ so(3) ⊂ so(1,3).
Symmetry condition fixes tetrad up to n(t),a(t).

ea
µ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜
⎝

n(t) 0 0 0
0 a(t) sin θ cosφ√

1−r2
a(t)r (

√
1 − r2 cos θ cosφ − r sinφ) −a(t)r sin θ (

√
1 − r2 sinφ + r cos θ cosφ)

0 a(t) sin θ sinφ√
1−r2

a(t)r (
√

1 − r2 cos θ sinφ + r cosφ) a(t)r sin θ (
√

1 − r2 cosφ − r cos θ sinφ)
0 a(t) cos θ√

1−r2
−a(t)r

√
1 − r2 sin θ a(t)r2 sin2

θ

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟
⎠

.

de Sitter spacetime: n(t) = 1,a(t) = cosh t .
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Example: open FLRW

3 generators of rotations, 3 generators of quasi-translations.
Symmetry algebra g ≅ so(1,3).

Representation: identity representation so(1,3)→ so(1,3).
Symmetry condition fixes tetrad up to n(t),a(t).

ea
µ =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜
⎝

n(t)
√

1 + r2 a(t)r√
1+r2

0 0

n(t)r sin θ cosφ a(t) sin θ cosφ a(t)r cos θ cosφ −a(t)r sin θ sinφ
n(t)r sin θ sinφ a(t) sin θ sinφ a(t)r cos θ sinφ a(t)r sin θ cosφ

n(t)r cos θ a(t) cos θ −a(t)r sin θ 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟
⎠
.

Anti de Sitter spacetime: n(t) = 1,a(t) = cos t .
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Maximally symmetric spacetimes

Minkowski spacetime:
Symmetry algebra g ≅ iso(1,3).
Repr.: translations↦ 0, Lorentz transformations→ so(1,3).

ea
µ =

⎛
⎜⎜⎜⎜⎜⎜
⎝

1 0 0 0
0 sin θ cosφ r cos θ cosφ −r sin θ sinφ
0 sin θ sinφ r cos θ sinφ r sin θ cosφ
0 cos θ −r sin θ 0

⎞
⎟⎟⎟⎟⎟⎟
⎠
.

de Sitter and anti-de Sitter spacetimes:
Symmetry algebra g ≅ so(2,3), so(1,4).

↯ No non-trivial homomorphism λ ∶ g→ so(1,3).
↯ No solutions to symmetry condition!
↯ Solutions to antisymmetric field equations exist (previous slides).
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Conclusion

Summary:
Try to find solutions of f (T ) gravity theories.
Consider symmetry of metric and connection.
Work in Weitzenböck gauge ωa

bµ = 0.
Some symmetric tetrads solve antisymmetric field equations.

↯ Relation does not hold for dS and AdS spacetimes.

Outlook:
Relation between symmetry condition and field equations?
Further solutions with other symmetries?
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